B.Tech.

First Semester Examination, 2010-2011
Mathematics-1 (Math-101-F)

Note : Attempt five questions in total, selecting one question from each unit. Question number 1 is
compulsory. Ail questions carry equal marks.

Q. 1. (a) Discuss the convergence and divergence of the geometric series,

Ans, Let us consider the geometric series

- 3 - '
a+aX +aX" +AK° F oot A0 D

Let $,, be the sum of first n terms of equation (i).

a(lﬁx")

Sn=—]~_—x— ifx<1
a(x"—l]
And Sy = ]-ifx>1.
x_

Case 1 : When }xicl
Le, Co-lax«l

Hxj<l,then x® 550 as n—3e0

a("""} _a{l-0)  a

i-x  l-x  1-x
Which is definite a finite number and thereiure the series is convergent.
Case2: Whenx =1
Then each term of series () isa

lim$, =lim

i.e., S, =a+a+...... + Up 10 N 1werms
S, =na
limS, = or —e according as a is puzitive or negative, hence the series is divergent.
Case3: Whenx> 1, then x" — 0 as n 5
alx” -1} _
timS, =lin —(‘-———l)—-zw OF —e: @8 3a>0 Ora<(.

X —
Hence the series is divergent.
Case 4 : When x =<1, then the scries (1) becomes

S=a-a+a- .+...
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The sum of i terms of the series is a or 0 according as n is odd or even, Hence, the series is an oscilfatory
series, the oscillation being infinite.

Case 5: When x < ~i

if. X <—F.then —x >
Let r=-x.then r~i
And Moo 85 N—doo

a‘]-—x”:! : [1--(—!‘)"}
5, =-- L= =
No (TR by

a(]+r“} a[lﬂr“)

r———
Ltr {"”]

According as n 5 odd or even.
limS, = or —o according as 3 >0 and if a <0, the results are reversed. Thercfore. in this case the

series is an oscillatory series, the oscillation being infinite.

Hence, a geometric series when common ratio is x is convergent if [x] < 1, divergent if x 21 and oscilla-
tory if x $~1,
”
ne

n
Q. L. (b) Test for convergence the series winose nth term is :

L]

(n+1)n
Ans. Given : the pth term is,

u, = o’
h 2
(n+1)"
( n “2
T L
f \n+l)
; n
=)
8 n+l
Ui.l'rn::——-—-———l "
(i, ]
L+
\ n
N . 1
lim u!™ = jim
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|
=~ whichis < |
[+

By Cauchy Root Test. the given series is convergent,
Q. i.w0; Define rank of a mairix. Deternime rank of munria

1 2 3]
14 2|
2 6 SJ
Ans. Rank of a Matrix : The rank of a matrix is said tobe r if—
it has at least one non-zero minor of order. Every minor of A of order higher than r is zero.

]
J

Rz - R: —Rl, R.3 '—)R.j —2R|

Now, the given matrix is,

| D —|
—
LFY ]

=
L AN S 9 ]

th 1D

,__._
oo

k2 td 2
i

[

R}“")R‘;_R’!
1 2 3
~|0 2 -~
0 0 0

!
| i — |
o o -
P =

R
| I —— |

0

~
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Hence, rank of the given matrixis 2,
Q. 1. (d) Using Cayley-Hamilton theorew, find the inverse of matrix :

3]

s 3
Al=
=15 3]
The characteristic equation s,
|A-Aj=0

o} 4, ]

s-& 3]

[Aﬂmz[ 3 2-4)

5-x 3
[A~I?L]=! ; ‘:0

Ans, Given matrix is,

(5-A){2-1)-9=0
10-7TA+A%-9=0
A —TA+t=0

Using Caylay Hamilton Theorem,

AT-7A+1=0
Multipiying both sides by A,

A-7A'A+A =0
Al=wA+Ti

-2k
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Fr2 -3

-\
A =
-3 3

] Ans,

Q. L. (e} Find the asymptotes of the curve :

x3+y3-3axy=0-

Ans. Given curve is X° +y° —3axy = 0.
(i) Asymptote Parallel to x-axis : No asyniptote parallel to x-axis because the coefficient of highest power

of x is constant,
(ii) Asymptote Paraliel to y-axis : Since the coefficient of highest power of y is constant, there is no

asymptote parallel to y-axis.
(iti) Obligue Asymptote : Putting y = mx + ¢ in the equation,

x> +(mx + ¢}’ ~3ax(mx +¢) =0

= xJ(l+m3\i+3x2(mzc—am)+3x(cm—ca)+c3=0
Hence, 1+m’ =9

And mZc-am=90

On solving,

m=-1,.¢=-a
Obligue asymptote is,

y=~X-2a
Or |y+x+"a=0| Aus.
- X -1Y du  Jdu
A ifw=sin " —+tan " = provethat X—+y-—=0,
QL0 Y x'P Fraid dy
. A1 X -
Ans. Given: u=sin~' =+ tan l-)—i
y X
u is a homogeneous function of degree 0. Hence, by Euler's theorem.
Kgg + -aE =hu
ax dy
Here,n=0
NI
Hence, p y 3

N

Q. 1. (g) Evatuate I ; In g y2dxdy by changing the order of integration.
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P A .
ANS, Lot P = védyax W

§
RHL

Y

v=0to y =V]l-x"

2

x'+_\_'?=i (L

1N
NI

v changing the order of integration,

——

| o
iz vy ,
hy'ly T

T
1

— v

o Wiy
= 1o i VITY T He
JG-’ Y j;) o

ity

0. 1)

R—
=i i-y ey

Let v=sind 1.0

A
NI

dv = cosQdi

6 varies fromGto g/ 2

[= f;”sin2 Ocos8.c0s0d6
= I: = (sinfco0)’ ¢9

12
=i~j; sin? 2048

| er2f 1—cos48
= - 1d8
=)

= 1[9 - EEE_?ET:(JZ
8 4 Iy

Q. 1. (h) Evaluate I‘:IQIJH‘Z_ 2

Y
0 o xyzdzdydx.

For more study material Log on to http:/www.ululu.in/



o2 2
SpE=RT gAYy

xyzdzdy ax

Ans. Lot L= i

NI . JimxZ oy

=_{0.[f) Xy{_é_ dydx
0

et \.1"1_:\__2 . 5 )

ZEIUIU -’*)’(]—x -y )d)/dx
2
E ;j‘jl_x x(y-xPy-y’)dyax
)

: ] 4 Al=-x

z-i'{]jx-(l_v]yg_yZ]O dx
[ 2 2 5 27

v 0o -4)
LEIO 7 3 dx
= glox(i-x Yo

Let ey
=2xdx =dt
=-"1%L0l2dt
:]%I;tz dl:%s_ .
Unit-1

l .
Q. 2. (a) Show that the series Z—p convergesif p >1 and divergesif p<1.
n

Ans, The given series is,

z-L
np

Case 1 : When p > |1, since the terms of the given series are all positive, then
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(N B bl '\-,_r’i'.li]
—t— =l e ] b b e — [, -
lp 2!, b Ip |\2p 3D) k4p 5]) 6p ?p} .............................
Now, since p>1
12
P 2P
L
= 3P 2P
1 1 11
gL e T 1 12
] 2
—_—t— g —
2P 3¢ 2P
Similarty,
W e ap and 50 on.
Thus, the given series term by term is given by
it 2 4 8
Lo p b — L
1P 29 4P 8[’
. . . . . . 2 1
But the series on the R.H.S. is a geometric series and is convergent since the common ratio is '51‘; = ‘2p—_|
whichislessthanlas;w.l.
Case 2 : When p = 1, the given series is
1 1 1
l+—+—+—+...
2 3 4
1 (1 PY 1.1 1 ¢
Rt ot Sl R Bl ol ot Sl . SOV
27\374)5°6 7 8
Now,as, 3 <4
| .
—_ -
3 4
it 1. 1 1
—4—>—F—
3 4 4 4
[ S|
—d=>—
3 4 2
Sl LS ONLINL IR U O D NS O
imitarty, 576 7 8 8 8 § g 2mesom
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The given series becomes,

+a |-

Hence, series is divergent whenp = 1,
Case 3:Letp <1, then

I >l n
np n ,11—';.., 3, 4“‘.‘.

In this case, the given series is greater than the series term-wise as,

S |
ot ot—+.

which is divergent.
Hence, if p <1, series divergentand if p > {, series convergent.

Q. 2. (b) Find whether the series :

2242 + 33:&3 Ayt

......... v i .
T 3 + 4! + converges or diverges
Ans. According to the given series,
n"x"
u, = )
n:
(n+1)ﬂ+| ‘nﬂ
u
n+] (n + I)!

{n+1), which tends 10 oo a5 1= co.
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. u [
hm —f—=— —
e By X € €Xx

{ . 1
By ratio test. Zu,, is convergent if = e if x <7
! LY

! L !
and Xu, isdivergentif — <1 ie, if x>~
ex e

For —=1

1, .
i.e., X = —  ratiotest fails.
g

Applying log test
At x= 1

:nltl_n(l..__.l___+——'--——!—+‘......\]
(n 202 3% 4n? J
=n|:|;|+.é-1——-—vL-+ ! ]

LI 1
—_—t
2 3n 4n2

Uy

lim [n log

N—yeo Ui

1
)="§ whichis< 1.

1
By log test, Zu,, is divergent for X = o

1

!
Hence. the given series is convergent if X < — and is divergent if x 2 -,
e e
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42
— 11!
2. 3. {a) Test for convergence the series L—)"; x*,
()
. (“ !)2 n -
Ans.Given: Up = [72[_‘—),*

{(n+ i)!}g xMH
Yol TR

u, _(0)Px"  (2n+2)!

Wt (200 fa ) <
1 {(2n+2)(2n+1)
X in+1)?
(1.1
by _4%4 2nj
ul'H—] X [!.'.l\
n
u, 4

!
Now, if —>1,x<4
X

. u . .
tim—"- > | and hence by ratio test the series converges.
Une
Now, ifx>=4
. My Ca
lim <1, series diverges.
Up4l
Now, if x =4, ratio test fails
Atx=4
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/ 3\ 5
o Yo -l!=n|-“n+l—l-!
iUy /0 Len+2
R .
anf—!
inlf'J
L
Pl
'3
(o, } 1
iim “l —11= == which is < 1, thus the given series is divergent at x = u.
oo Upy ) -

Therefore, if x = 4, series diverges and if x < 4, series converges,
Q. 3. (b) Test the convergence of the series :

n-1_,.
& (-1)" sinno .
Z 3 . a isreal
- n:l n
Ans. Given series is,
n~i sinno.
{-1) 7 . o isteal.
n

This is an alternating series

n—] SiNNC
Where up ={-1) 3
n

n-t sin nul

(-1) 7

|‘*'n|=

= —!2-|sin n|
n
1
< ) [-[sinnof<1]

Since, the series Z"z' is convergent, therefore by comparison test the series Z|u,| is also convergent
n

and hence the given series is absolutely convergent.
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Unit-H

Q). 4. ¢a} For the marrix A =

aormal form.

f1 1 2]
Ans. Given matrix A= 2 3
0 -1 -1
A,xg-'i_'{A];
i+ 2] fr o0 [t o ol
2 3[:'010A010
0 -t -1} 1o 0o 1] [0 0
Rz-*)Rz""Rl
1 27 70 0 o] Ttoo ol
0 1 =|-1 0|AIG 1 0|
0o -1 1] o o 1] [0 0 1)
R.3—-.‘!R3+Rﬁ
M1 23 [1 o0 03 f1 0 0)
01 1|=]-1 olalo 1 0
1o 0 of [-1 1 1) (00 I

C2 —)CZ—C!, C3 —)C3*—2C,

L ool [1 o 0] [1 -1 -2]
0 1 If[=f=l 1 O[AlO 1 0
00 0] {-1 1 1]{0 0 1]

C3—->C3—Cz
00 1 0 o1 1 -1 =11
06 1 O|=|~1 1 0lAl0 1 -1
0 0 0 |[-1 1130 0 1]
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Hence, PAQ is in normal form, where

jr o o} 1 =1 =1
Pl 1 o} Q=0 1 -l
1 Lo

|
-1 1] 0

I
4
Q. 4. (b) For what values of k the equations

x+y+z=1,2x+y+dz=k, '=lx+}rli~l(]z=:kz
have a selution and solve them completely in each case,

Ans. For the given system of equations, the augmented matrix [_A:B} is,

11 1 1
{ABl=[2 1 4 K
4§10 ¢ K2
Ry — R, ~2R;
R3—->R3—4R|
1 1 1 1
~0 =1 2 ;: K-=2
0 -3 6 : K'—-4
R3‘—)R3—3R2
| S O I
~l0 -1 2 : K-2

0 0 0 : KX-3K+2
(i) For the unique solution of the given system of equations,
p(A)=p{A:B} =3, which is not possible. Hence, there is no sofution.

(ii) For infinite number of solution.
p{A}=p(A:B)<3

i€, _ K?=3K+2=0
K=2,1
Casel: When K =2

1 i
0 -1 2
0 0
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[et

~-y+27=0
y=2hy
X+y¥+2z=
v = [ =3K
i1ence. A=1-3K,
y = 2K
=K,
Case 2 : When K =1
EERERE TN
Io = ZEszl—li
o o ojlz) lo]
Let z=X,
-y+2z= -
y=1+ 2K,
x—‘~(y+z]
x=-3K;

Hence. » ==3K,, y=1+2K;, z=K; Ans,

Q. 5. (a) Find the eigen values and corresponding eigen vectors of the matrix :

6 -2 2
-2 3 -
zZ -1 3
Ans. The characteristic equation of the given matrix is,
ié -A =2 2 |
=2 3 - ?L -1 ! =)
2 -1 3-3

(6-2)[ 9427 —6h=1]+2(=6+24+2)+2(2-6428) =0
(A-2) (A-8)=0
A=2,28
The eigen values are 2, 2, 8.
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Jizen vector for =2 s,

|A-M{x}=[o]

= 2Xj =X +X3=0
This equation is satisfied by

x)=0, xa =1, x3=1
And X =1, X2 =3, X3=1
Thus, eigen vectors are,

(o, 1, " 30"

Eigen vector for 3 =8

-2 -2 2% ! [0
-2 -5 -1fx,]=[0
2 -1 =5ix3! 10
= Xyj+ry—x3=0
And Xp+X3=0

Let X3 =l, Xa =-1, X1=2
2

Eigen vector is | -1
L1

Thus, the three eigen vectors are,
(0,117, L3, 2 -1

Q. 5.(b) Define similar matrices and discuss the nature of the guadratic form :
2x2 +2y2 +32% + 2xy —dyz ~4xz.

Ans. Similar Matrices : A, square matrix A, of order n is called similar {0 @ square matrix A of ordern

A= P_!AZP for some non-singuifar nxn matrix £,

This transformation of amatrix A- by anon-singular matrix P to A is calied a similarity transformation.
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The two similar matrices have the same eigen values.

The real symmetric matrix A associated with the given quadratic form 2% + 2y2 +3z27 2xy ~4yz —4x2

2 1 =2
A=} 2 =2
-2 -2 3
Its characteristic equation is,
2-A i -2
i 2-% =2|=A3-7A%+7A-1=0
b2 -2 3=

- (-1{r-(3+B)Hr-(3-+8); =0

The cigen values are
A =1,017153.1713
Since, all eigen values are positive, so the given quadratic form is positive definite.

Unit-H1
Q.6.(@)1f y = "' X prove thaQ:
(I —xz)yMZ —(2Zn+ ) xyny —(n2 +az)y“ =0, hencefind (¥, ), .

Ans. y= e* sin™tx

.- a
asim " x
y|=¢ ——m—

—_
1
P
(X}

(l—xz)yf ~aly?
Again differentiating both sides,
[I ﬂxz)Zyl Y2 »-2){_\/% = Zazyyl
(1 “'X?'))’z -xy;—ay =0

Differentiating n times using Leibritz theorem,

2 . n -
(1= X a2 +7 CH{=28) Yt +” Co (-2 = Xy00s 2Cyy, —ay, =0
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(l - xz)y,“z ~[2xn-x]

Yoer =0 (n =1y, ="y, —a’y, =0

(152 yne2 = 20+ D1yt ~(0% +2 )y, =0| )
Putting x = 0 in equations (1), (2), (3) and (4),
y(0)=1, y1(0)=a, y;(0)=a?

“ Yns2(0)= (ﬂz +32)Yn (0} (5)
Puttingn=1,2,3,4 ...... in equation (5)

y3(0)=(1 +a% )31 (0)

=a(ll+a2)

¥4(0)=(22+a%)5,(0)
=(22 +a?)a?
ys(0)=a(i? +2?)(3? +a;2)
v6(0)=2? (2% +a?}(4% +2?) and so on
In general,
a2 (22 +a?)(4% +2%) - - - {n-27 +a},n iseven

a(lz+a2)(32+az) ------- {(n-2)2+a2},nisodd'

¥n (0)=

Q. 6. (b) Show that radius of curvature ¢ atP on an ellipse

2

v
+5 =1lisgivenby

&Nl ]
o

£=CD?/ab where CD is the semi-diameter conjugate to CP.

Ans. Let CP and CD be two conjugate diameters of the given ellipse.
x2 y2
3 + 3 =]
ac b

If the co-ordinates of P are given by t, i.e, (a cost, b sin 1), then to find the radius of curvature p*.
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dx o dx
— = —-asint, - =-acost
dt dt

2
-d—y=acost, -——d 4 =-3sint
de dt?

4:12).w'dx2 2
1+—————2 3
dex/dt

32
(32 sin2 t+ b? cos? t)

absin2 l+abcos7't

32
(az sin? t+ b2 cos? t)

ab

p:.'

T
Also, we know that co-ordinates of D are given by [5 + tJ ie.,

ol (s

e (~asint,beost)
Hence, CD= Jaz sin® t +b? cos?t
From equation (1)
. 2.2 2 2 3
(J;sin t+b“cos t)
P= “ab
3
cD
p= (CD) Ans.
ab

Q.7.(a) Given x+y +2 = a, find the maximum value of xMy"zP.
Ans, Let u=x"y"zP
o(x,y.z)=x+y+z=a

logu=mlogx+ nlogy+plogz
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Ao _m
udx X
Ga_um
ox X
- du _nu
Similarly, ¥y v
di  pu
And Fy.
Given function is o{x,y,2)=x+y+z-a
Lagrange's equations are,
du , @d
—+A—=90
Ix  Ox
u +A 9 =0
dy oy
du ., db
—+A =0
oz 0z
um
ie. —+i=0 -(3)
X
nu '
37 A=0 @
]
BZ—H =0 5
From equations (3), (4) and (5)
_ x=-um/3
y=-nu/i
z==pu/A
Putting these values in equation (2)
X+y+z=a
_mu_nu_p_.
AoOA A
-u[m+n+p)_l _bh_
a N A m+n+p
= _am
Thus, mAneD >
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_an
m+n+p

z7=—2
m+n+p

Ans.

' n
1 1
Q.7.(b)if [af < 1, provethat: Ilog(l+acosx)dxr:ﬂlog[&-+5 l‘az].
o

Ans. laj <1, to prove

n o 11 2]
-[0 iog{l+acosx)dx = Iclog[i-+—2~\jl-a |

Let ]=J’;;10g(l+acosx)dx

Using IV property of definite integration

1= I:Iog{l +acos{r—x)}

Unit-IV

1
p
Q. 8. (a) Express _[x"’ (1 -x" ) dx in terms of gamma functions and hence evaluate ;
0

jxs (l -~ x3]10 dx

0
Ans. Given integral is,

l=j;xm(l-—x“)pdx

Let x"=y,x=y”n
nx™ldx = dy
__dy __ dy
dx = ™t ny(n-—l)!n
i - )
Thus. [= - jo ymfn (1- y)P y(l n)fndy
- (M_IJ
_ ' n _ p+[—[
=—Jy -y dy
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'm+l|—-

0 _!

Now for the given integral

L:xs (l - x3)w dx

m=35n=3p=
I'em Laxn
[=3 _3
3 12011
1 A
36 ns.

Q. 8. (b) Find the volume of reel-shaped solid formed by the revolution about the y-axis, of the part of

parabola yz = 4ax cut-off by the latus rectum.
Ans. The given parabola is :

O/ S(a, 0)

. - L' (a, -2a)
e g S~~~

Y
The volume of the reel generated by the revolution of the arc cutt-off by the latus rectum LL' about y-axis.
=2 x Volume generated by revolving the area OLK about y-axis.
Let us consider an elementary strip PMNQ parallel to the axis of x, where P is the point (x, y) and Q is the

point (x +8x,y+8y) on the parabola y? =4ax .
Now, volume of the elementary disc formed by revolving the strip PMNQ about y-axis.
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= x{PM)? (NM) = mx 23y

Also length of the semi-latus rectum SL is 2a, therefore y varies from 0 to 2a.
-, the required volume.

2a_ o
2.[(: - By
2a ¥ r..z 1
=2r| ——=8y |y =dax
¢ 16a% L :
- 5 2a
Y R 5
=—| = = 32a
832[ 5 ]0 40a2( )
4 3
Required volume = 11:: Ans.

Q. 9. (a) Find by double integration, the area laying inside the circle r — asin @ 2nd cutside the cardioid
r=a(1-cos8).
Ans, Given curves are
r=asind {1
r=a(l-cos8) ~(2)
On seiving equations (1) and (2),
sin@=1-cos0
sin9+cosf=1
Squaring both sides,
sin? 6+ cos” 0+ 2sinOcos =
sin20=0
20=0

8=00rn/2
Required area is the shaded portion.

4 6=n/2

r =a(1-cosf) o
r = asin
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r varies from a{l-cos8) to asin6 and @ varies from0to n/2.

Iasine rdrde =% mz[rz]asine

' _ IE!Z
Required area o Jafi-cose) 0 a{1-¢cos9)

P
= %!—_[(;m[si,n2 8-(1 -cose)z]dﬁ

2
=2 J'Mz(—l - cos 20+ 2cos0)do

5 o
2 : /2 2
=a—[—9—sm29+25in9] S
2 2 s 2| 2
. T
Required area =2’ (‘ "j;) Ans.

Q. 9. (b) Using triple integration, find the volume of the sphere x2 + y2 + 22 = a2.

Ans. Given sphere is  x2 + y2 4+ 2% = a2

Required volume = HL dzdydx

[2_2 12 2
Vsl

= sjoajo - \/az -x2 -y2 dy dx

2.2
=8]§ —z-\laz——xz‘—yz+(a 2x ):’.in'l \/azy-xz dx
0

2 2)
a“-x
V=8 “+~(-—-—de
Iﬂ' 2 2
7P 3 3
=+§E azx—i- =427 a3-a— =21 21
4 3 3 3
0
4 4| -
V"“g"a ARS.
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