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Total Marks: 70

I nstructions:
1. Attempt all questions.
2. Makesuitable assumptions wherever necessary.
3. Figurestotheright indicate full marks.

Q.1
()

(b)

()

(d)

Q.2
()

(b)

(€)

ATTEMPT THE FOLLOWING:

Define rank of the matrix. Find the rank of the mat
1 2 40

A=|-3 1 5 2
-2 3 9 2

Let R have the Euclidean inner product. Use the GramrRitiprocess to
transform the basis vectars= (1, 1, 1), u, = (-1, 1,0) andu, = (1, 2, 1)into an
orthonormal basfs/, v,, v} .
Find the eigenvalues and bases forthe eigenspaéédandA+2I, where
M
A=
8 —
i. Show that the function$,(x) = and g(x) =sinx form a linearly
independent set of vectors in(€ew, ).

cosd - sind

. has no real
sind co¥

eigenvalues,and consequently no eigenvectors.
ik Define 'singular matrix. Find the inverse oktmatrixA if it is
invertible

ii. Showithat if O @ <Jr, then A:{

1 0 1
A=1-11 -1
0 1 0

Determine the dimension and basis for the soludfmace of the
systenBx, + X, +X;+X,=0, 5, - X,+X;—X,= 0
Justify your answer. Why the following sets are vettor space under the
given operations?
I. The set of all pairs of real numbgs y) with the operation
(% Y1)+ (X ¥,) = (Xt X, Yty Janda(x, y) = (2ax, 2oy ).
ii. In R3, the operations defined as under
(% Vi Z)+ (X ¥0u Z,)= (24 2, Y H Y 2 X HX )
LetA be an eigenvalue of a matix

Then prove that (i) +kis an eigenvalue oA+kl (i) kAis an eigenvalue
of KA
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(d) i. Solve the following system by Gauss-Eliminatimethod 04
2X+2y+22=0,- X+ 5+ 2= 1, 8+y+ 4=-
ii. By using Gauss-Jordan elimination, Find theairse of the given 03
matrix
1 1 -2
5 5 5
A=|L 1 1
5 5 10
1 -4 1
5 5 10
OR
(d) I For which values oK and A the following system have (i) no solution 04
(ijunique solution (iii) an infinite no. of soluwns
X+y+z=6,x+2y+ X =10x+ ¥+Kz=A1
1 4 5 4
n _ 9 8 2
Find basis for the row and column spacéf = .
2 9 9 7
-1 -4 -5 -4
Q.3

(@) Prove that(M ,(R),+, )s a vector space ovRr. 05

(b) Determine whether the following spans the vectacsfiR’: 03
i vw=(2-1,3 v,=(412 and,=( 8 1),

(i) w=(2,2,2),v,= (0,0,3)and,= (0,1,
(¢) Let M,, have the inner produ«éiA, B>=tr (A"B).Find the cosine of the angle 02
2.6 3 2
betweermA andB, where A= ,B=
1(-3 10

(d) Show thatv={(x y)/ x=3V} is'a Subspace qf2 State all possible subspaces 02
of R2.

(e) @ 2 0 -1 02
Find th%;%k andAullity of the matrix=|4 o -2

00 O
NS
&’Q\ OR
Q.3  (a) &{Retv ={tx Y/ x yOR, y>0} .Let(a,b),(c,d) 0V andr IR Define 05
(a,b)%(e/d) = (a+c,bm)anda [fa b) =(aa b”).

(b)~~ Define basis of a vector space. het=(1,0,0 v, =( 2,2,9and v, =(3,3,3. 03
Show that the se§ ={v, v,, v} is a basis folR®.

(C) Define inner product space. Letu=(u,u,),v=(v,v,)OR?Define 05
(u, V) =4uy, +u,v, + duy,+ 41y, Prove that(R2,<D [}]) is an inner product
space.

(d) LetV be a vector space. For a nonemptyAsgtrove thatA [ span(A). 01

Q.4 (a) Check whether the following transformations arednor not? 02

(i) T:V - R,whereV is an inner product space, amfu) =||ul.
(iT:M_, - M,__,whereT A)=A".
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(b) -2
Let T:R? - R?, defined byT@ZD{Xl_X XZ} and letB = {e e}and
2

B :{ﬂ,{;ﬂ}. Then using[T]; =P7[T] ;R find [T],, whereP is the
transition matrix fromB to B.
(¢)  Consider the basi§ ={v, v} of g2, wherey, =(-2,1) andv, =( 1,3 an
letT :R?* - R®be the linear transformation such tigt;) = (-1, 2, 0) anc
T(v,) =(0,-3,5). Find a formula foiT (x, X,), and use that to fin@ (2, - 3).
(d) Define kernel off. Let T:R® — P, be a linear transformation defined
byT (a,a,,8,) =(-a,+ 2a,+a,) +(-a,+a ) x. Find which of the following
vectors are irker(T); (i))u=(6,2,2) ,(iu=(2-1) andif y=( 0,0).

(e) If uandv are orthogonal unit vectors, then what is theatlist between andv
Justify your answer.

(H Define: Algebraic multiplicity of an eigenvalue. f2emine the algebraic and
0 11
geometric multiplicity ofA=|1 0 1|if the eigenvalues hAared=2,-1,-:
110
1
and corresponding eigenvectors for2is| I
1
-1 1
andforA=-1are| 1| and’ %
0 =2
OR

Q.4 (a) State Cauchy-Sehwarz inequality. Verify Cauchy-Satavinequality for the
vectgisu = (=310wv =( 2- 1, 3.

(b)

Rrove thakd,y,>= % lu+v|P —% lu-v]|P

() Let ™ RY- R® be the linear transformation given by the formula
TUXNX, X5, X,) = (AX + X— K= XKy, XXt X~ &, & S+ 9,. Find
avbasis and dimension &ér(T ), rank (T )and verify the dimension theorem.

(d) «Find the projection ofi=(1,-2,3 alony =( 1,21 iR’

(6) Let S,T:R? = R?be the linear transformations given by the formulas

T(X, y)=(x+y,x-y)andSk y )= (X+y x— ¥ )(i) Show thatSandT are

one to one, (ii) Find formula fof *(x, y), S™(x, y)and (SeT)™ (x, y),
(iii) Verify that{SeT) " =T S™
Q5 (a) -1 4 -2
Find a matrixP that diagonalizeA=| -3 4 0 [, and determin®*AP.
-3 1 3
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(b)

(€)

Q5 (@

(b)

(€)

211 04
By using Cayley-Hamilton theorem, if A® 1 0], then prove that
112
8 55
A’ -5A+7A°-3A°+ A*-BA%+ A’ A+1=| 0 3
5 5 8
Find a change of variables that reduces the quadoam 2x + 2x2 - 2xx,to 04
a sum of squares and express the quadratic fotemnrs of the new variables.
OR
2 -1 -1 06
Find an orthogonal matrix P that diagonalizes| -1 2 -1].
-1 -1 2
Find the least squares solution of the linear sygte = b given by 04
X +X,=7,-%X+X,=0,-X,+ ,=-7and find the orthogonal projection lof
on the column space &t
Describe the conic whose equatiorbi€ — 4xy + 8y~ 36= (. 04
$
R\
&
Q
AN
4
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