B.B.2nd Sem. Examination May-2009
Paper : Math-102 - E

Note:- Attempt five questions in all, selecting at least one question from each part.

PART-A
2 1 -3 -6
1.(a) FortheMatrix 4 _ |3 _3 1 2| find non-singular matrices P and Q such
1 1 1 2

that PAQ is in the normal form. Hence find the rank of A.
Solution. We write A,;,, = [LAI,

1 0 0 O
2 1 -3 -6 1 0 O
o1.0 o0
3 -3 1 2/=10 1 0} A AD 1 o
1 1 1 2 0 0 1
00 0 1
operating R, &R,
1 11 2 0 0.1 1000
0 1 0 O
3 -3 1 2] = 1 0} A o 0 1 0
1 -3 -6 1 0 O
2 0 0 0 1
operating R, » R, -3R, , R, » R, - 2R,
1 0 O
1.1 1 2 0 0 1 0
0 1 o0 O
0 -6 -2 -41=|0 1 -3|A o 0 1 0
-1 -5 -10 1 0 -2
0 60 0 0 1
operating C, - C,-C,, C,>C,-C,, C, »C, ~2C,
1 -1 -1 -
1 O 0 0 0 0 1 o 1 ; 02
0 -6 -2 -4(=|0 1 -3]A 0 0 L o
0 -1 -5 -10 1 0 -2
0 0 0o 1

operating R, & R,
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1 0 0 0 0
0 -1 -5 -10(=|1 O -2]|A
0 -6 -2 -4 1

©c oo~
o
-
o

operating R, > R; -6R, , R, - -R,

- 1 -1 -1 -

1 0 0 0 0 0 1 2
0O 1 0 o

0 1 5 10{=|-1 0 2| A

0 0 28 56 6 1 9 o 0 10
0 0 0 1

1 -1 4 O
1 0 0 0 0 O

0 1 -5 .0
0 1 0 0j=|-1 O

0 © 1 -2
0O O 28 O -6 1

0 0 .0 1

1 -1
1 0 0 0 o 1. 1 . ; 8
0 1 0 Of|=1-1 0o 2| A o o '1 )
o 0 10 N\Z 2 0 0 0 _1
14 28 28
= % [L:0] = PAQ (1)
o 1 1 1 -1 4 0
Where P=|-1 0 2,09 1 -5 0
3 1 9 0 0 1 -2
14 28 28 6 0 0 1

From equation (1) normal form of given matrix Ais {[, : 0].
-. Rank of Matrix A is 3. Ans.

1. (b) Discuss the consistency of the system of equations :
2x-3y+6z-5w = 3
y-4z+w =1
4x-5y+8z-9w = A
for various values of ), if consistent, find the solution.

Solution. 2x-3y+6z-5w = 3
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y-4z+w =1
4x-S5y+8z-9w = A
2 -36 -5 :3
Augumented matrix = {0 1 -4 1 : 1
4 -5 8 -9 : i

operating R, - R, -2R,

operating R, - R, - R,

2 -36 -5 :3
~01 -4 1 : 1

000 O0: A-7 ~
(i) ifA=7thenp(A)=2,pA:B)=2
. p(A) = plA:B) = 2 < number of unknowns which is 3
systems of equations has infinite number of solutions.
(ii) If A = 7 then p(A) =2, p(A:B)=3
p(A)= p(A:B)
systems of equations has no solution.
If A =7, from (1)
2 -3 6 -5:3
~01 -4 1:1
0 00 (0.0
or 2x-3y+6z-5w = 3 .(2)
y - 4z+w =1 .(3)
let z = k.and w = k,
from (2) y-4k +k, =1
or Yy = 1+4k -k,
from (2) 2x -3(1 + 4k, ~k,)+6k, -5k, = 3

2x -3 -12k, + 3k, + 6k, 5k, = 3
2x-3-6k -2k, = 3 .

or 2x = 6+6k, +2k,
or = 3+3k +k,
= 3+3k, +k,
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y =k

z

It

k, (where k, and k, are arbitrary). Ans.

2. (a) (1) Prove that the sum of the eigen values of a matrix A is the sum of the elements
of the principal diagonal.

Proof : We prove this property for a matrix of order 3. However, this result is true for a matrix
of any order.

Let A=1a; Gy ay

a, - A a,, a;
. Characteristic equation is |[A-Al| = | a,, a,-A  ay
as, as, az; —A
3 2
= =N +A%a, +ay, +az) e, (1)

If A,,A,,A; be the eigen values of A, then we get
A=A = (1P =2 )0 = Ag)h = 2y)
= =3 ER H A, A ) e, ..(2)
From (1) and (2) , we get
A%+ 0% (a,, + Ay +Agy) e = A +AT H A, +0g).
Comparing Co-efficient of 3? on both sides, we get
A +A,+A; = q, +a,, +a;,
= Sum of the elements of the principal diagonal.

2. (a) (ii) Find the sum and product of the eigen values of the matrix :

.. Sum of Eigen values=1+1+3+ 5=
and product of Eigen values = value of |

1 2 3 4

2 1 5 6

7 4 3 2

4 3 0 5
1 2 3 4
21 5 6

A =
Let 7 4 3 2
4 3 0 5
10. Ans

l

1 2 3
21 5 6
= = 262 Ans.
3 2

7
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2.(b) Verify that the following set of vectors in R® is linearly depedent :
{1, 0, 1}, (1, 1, 1), (1, 1, 2) and {1, 2, 1) . Also find the number of linearly
independent vectors.
Solution. Let x,=(1,0,1), x, =(1,1,1), x; = (1,1,2) and x, = (1,2, 1)
Adding suitable multiples of x, to x, , x, and x, so that the first component reduces to zero,
we have

x,-x, = (0,-1,0) (1)
X -x, = (0,~1,-1) (2)
x -x, = (0,-2,0) (3)
From (1) and (2), we get
X, ~x, X, +x, = (0,0,1)
or x,-x, = (0,0,1) ...(4)
From (2) and (3) X, -x, —2x, +2x, = (0,0, 2)
or 2x,-x,-x, = (0,0,2) ...{S)

To reduced to 3rd component to zero, multiplying equation (4} by 2 and subtracting from
equation (5}, we get

2x,-x, - x, -2(x; - x;) = (0, 0,0)
or x -2x,+x, = (0,0,0)
Thus, their exist numbers k, = Lk, = -2, k, =0, k, =1
which are not all zero such that

kx +kyx, + kyxy +k,x, = O ...(6)
Hence the vectorsx,, x, and x; are linearly dependent and equation (6) is the relation
between them.

3.(a) Solve (x*’y’ +xy +Nydx+(x’y* -xy+1N)xdy = O
Solution. The given equation is

Pyt + xy+ DHydx+(x*y* -xy+)xdy = O (1)
Comparing it with Mx+ Ndy = 0, we get

M=y +xy+ly = X*y*+xy’ +y

and N = (XY’ ~xy+1l)x = XPy* -LPy+x
oM 2.2 oN
— =3 2 1 — = 3x%y? -
oy XY +2xy+1 gnd o 3x*y" -2xy +1
oM ON
Since 5&“ # ax thus equation (1) is not exact.
also Mx-Ny = (Cy° +xy” + y)x~(Cy? - Py +x)y

= x*y’ +x’y? + xy - x*°y* + XY - xy

=2x°y* # 0
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Equation (1) is of the form f (xylydx + f,(xy)xdy = O

11
Mx-Ny 2x*y?

ILF. =

1
Multiplying (1) by 2x2y? » We get

Yy
y 1 1 x 1 1
Zh—t——|dx+|=—-—+ dy = 0
[2 o’ 2x2y} [2 2y 2xy® Y --(2)
y 1 1 x 1 1
H M=Y, and v = XL
ere 2+2x+2x2y 2 2y+2xy2

y 1 1 N @
Hence the solution is I [—2_+Ec-+—2?§:ldx_ —dy = ¢

lx +—1—10 x—L~llo =c -—1—+lo , * = c
2y28 2xy2gy 1orxyxy gy . Ans,

3. (b) Solve for the current I(t) in an RL circuit if R = 2 ohms, L = 25 henrys and

E(t) = Ae* with A > 0, as a constant and I{0) = O.
Solution. Let i be the current in the circuit at any time t, then by Kirchoff's law, we get

LE RiE
dt
But L = 25 hanrys, R = 2 chms and E = Ae"
i .. a 2. A
25—+ 2i = Ae™ —t—i= —e
g o Ae o Gt s T o5 ()

2 2t
1P = e - on
Hence solution of equation (1) is

2t 2t

25 A o= A
.e25 = -t 525 - 23t/25 dt
1-e I e -e®dt+k = —Ie +k

A e
= _ng 23 +k - ie—zsr/25+k
2 23
. -A _
i = ﬁe '+ k (2)

Puti=0,t=0
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0=k k=2
23
From (2}, we get

A i}
= 2—5[1—9 ']. Ans,

4. (a) Solve (D2 - 4)y = xsinhx

Solution. Given equation is (D? -4)y = xsinhx

its A.E. is D*-4 =0
(D+2)(D-2) = 0
D=2,-2

C.F. = ce” +c,e™

And Pl = (D21_4)(xsinhx)
1 e -e* . e’ —e*
= hx =
(D? - 4) [ 2 } [ o 2
1 1 ; 1 .
= — = € X~————€e" X
2| (D% -4) (D* - 4)
| 4 _l ex. 1 X - e'x x
2|7 [(D+17 -4] [(D-1)2-4]
-1 e’ 1. -x-e” ! X
2 (D +2D +1-4) (D*-2D+1-4)
= lpex.___l.____.x_e‘x 1 X
2" (D*+2D-3) . (D*-2D-3)
: ,
= _1. x 1 , -x 1
2 2 2
_3[1_.2D_D° _3(14+2P_D°
| 3 3 3
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= —fsinhx——g—coshx [ sinhx =

Hence C.S. is y = CF.+P.l

> X . 2
y = ce”+c,e™ —Esmhx—acoshx_ Ans.

4. (b) Solve the differential equation : (x’D* - xD-3)y = x*(log x)*

Solution. (x’D?* - xD -~ 3)y = x*(logx)
This equation is a Cauchy's homogeneous linear equation.
Put x=e*ie. z=log x

d

so that xD = Dy, x’D* = D(D - Dy), where D = iz

These value putting in given equation, we get
[D(D-1)-D-3ly = e*Z*
or (D’ ~2D -3)y = z’e*
Its AE. is D -2D-3 = 0
or D = 3,-1

. c
CF. = ce”* +c,e” = cx° +-2
x

1 ,
Pl = —— (e*2.2°
D2—2D—3( )
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2
e* 2

(D+2F -2(D+2)-3] ~

- 22.____}______22
D?*+2D-3
o L] 22[1_(3;3 933)] 2
_3[1-22_ D"
3 3

2 2
oL, 2D D 8D a1l 222,14
3 3 3 9

[

2
% [(log x) + %(log x)+ }91]

c, x? 4 14
Hence C.S. in ¥ = ¢x° +-;——§ (log x)* +3(logx)+~|." Ans.

5. (a) Solve the differential equation by the method of variations of parameters :
Y'+y = sec’ x

Solution. Y +y =sec*x or. (D’°+1l)y = sec’x
Its A.E. is DP+1=0=D==i
C.F. is y = ¢ cosx+c,sinx
Here Y, = cosx,y, = sinx and x = sec’x
- yi ygl _ | cosx sinx _
u U —SInXxX COSX
Y, X Xdx
and PI = —ylj' EV dx +y2fy‘W

= —cosxjsinxsec2dx+sinx j‘cosx-seczxdx

= -cosx'[tanxsecxdx+sinxjqosxdx
= —-cosxsecx+sinx-sinx

= -1+sin’x

= -1+1-cos’x = -cos’x

Here y=CF. + Pl
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Y = ¢, cosXx+c,sinx -cos’ x. Ans.

5.(b) Determine the current Ift)in an LCR circuit with e.m.f. E{t) = E  sin ot in case the
circuit is tuned to resonance so that v?* = 1/LCand R/L is so small that second and higher
degree terms can be rejected. Assuming thatat t=0,I(0)=I'(0)=0

d’ d .
Solution. The differential equation is L ? R, 4 - Esinat
dt da C
2 1 d
or ’LD +RD+C q = Esinot  where D = 3 )

Its A.E. is D? +RD+—1~ = 0, so that
C

4L
\/ ~ \/ - R p2 4L
, since C

R_.[1 R R . 1 R 2
= i = - Ve -5 =p
2L VLC 41 oL [ LC 41’
~ R
Its C.F. = e ?/(c, cos pt + ¢, sin pt)

Pl = ———1——— Esinot

and LD? + RD + =
C
= E-—-—1———sinmt - E ismmt, since 0’ = J75)
~Lo? + RD.+ R D
C
E
= . =—-—coswt
Ro
R E
The complete solution of equation (1) is g = e ?*(c, cos pt + ¢, sin pt)—;e—cos ot ..(2)
© .
Initiall hent=0,q=0 ¢ = £
nitially, when t = 0, q = ) ' % Re

Differentiating (2) w.r.t. ¢

4 e_%(—pc sin pt + pc COSpt)-E—e_%(c cos pt + ¢, sin t)+£sin t
dt ! 2 oL 1 2 p R )
. d '
Initially, when ¢ = 0, “A.i-o0
dt
c-£—c—0 e, = R E __E
pe, = or 2= 2pL RW plo

Substitutine the ey fthaé“é StUifs frbin “StidentSuvidha.com



http://studentsuvidha.com
http://studentsuvidha.com

Rt

q = e 2L —]::—cospt+ E
Ro 2pLo

sin pt |- —licos wt
Raw

[l

E B R
—_ - 2L Q1
or q Rm{ coswt +e (cos pt+ 3p sin pt):l e (3)
Differentiating (3) w.r.t. t

dg E . R X R . B . R
— = —|wosinot-—e 2|cos pt+—sinpt |+e 2L | - t+— t
':w ® oL ( p 2Lp p j psin pt + oL cos p j

dt Ro
E 2| R - E -2 R*4 417 p?
i = —|owsinot-e % +plsinpt| = —loesinot-e 2L .~ TL _gj
Rw{ [4L2p pj p } Rw{ wt-e 4L2p sin pt
R 2 2,2
£ sinot -e 2L . ! sin pt R +4lp” 4
R LCpo 477 LC
B
_E sinwt -e 2L . Lc sin pt [ w? = 1
R LCp LC
E 1 =
i = —|sinot - e %t sin pt
or R[ pJLC P J
6. (a) Find Laplace transform of each of the following :
(i) e*sin2tcost (il) . sinh{t)cos®¢t (i) e*cos’t.

Solution. (a) (i) We have L [sin2tcost] = %L [2sin2t cost]
= %L[sin(Qt +1)+sin(2t - t)]
= %L[sinSt +sint]

= %[L(sin 3t) + L(sint)]

_ 1 3 N 1
2] s*+3* §*+1?
By first shifting property, we get

L[e‘" sin2tcost] -1 32 + 1
2{(s-4)'+9 (s-4)+1

1[ 3 N 1
2|7 —8s+25 & —8s+17 | Ans.
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Solution. 6. (a) (#) L[sinhtcost]

) LKe' —26")(1+c532tﬂ

= lL[e' -e'+e'cos2t-e cosZt]

4

1 1 1 s-1 s+1
=L - + 2 - 3

4 js-1 s+1 (s-1)+4 (s+1)y +4

]

1{ 2 s—1 s+1
— +
4

s?-1 s"—25+5_52+2s+5]'Ans'

Solution. 6. (a) (ili) L[e cos’t]
L e,,(l+costh
2
1 -t ~t
EL[e +e coszt]

1] 1 s+1
- +
2({s+1 (s+1°+4

|

6. (b) Solve the simultaneous differenial equations using Laplace transforms :
x'(t) +y'(t) +X(t) = —e-t,x'(t) +2y’(t)+2x(t)+2y‘t) = 0, where x(O) - _1, y(o) =1.
Solution. x'(t)+ y'(t)+ x(t) = ~e”

x'(t)+ 2y'(t) + 2x(t) + 2y(t) = O
Taking Laplace of eq. (1), we have

L[x']+ L{y'|+L[x] = —L[e"]

sX -x(0)+sy-yl0)+x = - 1
s+1
X+l+sy-1+x = — x = =
SX+lesy-l+x= — [ x(0) =-1, y(0) = 1]
s+ 1 =
sx(s + 1)+ sy el -.(1)

Taking Laplace of eq. (2), we have
sx - x(0)+2sy-2y(0)+2x+2y =0

SX+1+2sj-2+2x+27 =0 [ x(0) =-1, y(0)

1]
X(s+2)+(2s+2)y =1 +(2)
Multiplying eq. (1) by {2s+2) and (2) by s and subtracting (1) from (2),
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- s +3s+2)
(s+1)(s* +25+2)
Taking Laplace inverse on both sides, we get
x = - L“[ S + 2 ]
s°+25+2 §*+2s+2

X

it

-e[cost + 2sint]

o _ _ s’+3s+3
Similarly Yy (s+1)(s° + 25+ 2)
Taking Laplace inverse on both sides, we get

y = e'[cost+2sint]. Ans.

s*(s? + 4) s

7. (a) Find the inverse Laplace transform of : (i) _§L+l__e4- (i1) tan“( 2 )
s

G 3s+1 .
Solution. {a) (i) L '[;(—:;74—)6 s J

By second shifting theoem, [ {e‘“sf(s)} = f(t-a)-u(t-a)

- 3s+1 3s+1
S) = ——— t) = L2277
Let fts) s’(s? + 4) then () [sz(s2+4)J
3s+1 é+§_ Cs+D
NOW sQ(SQ +4) s 82 (s2 +4) ...(1)
or 3s+1 = As® +4As+Bs’ +4B +Cs® + Ds?
Comparing Coeff. of %, s?, s.and constant term on both sides, we get
A+C'=10
B+D =0
4A =3 => A = 3
4
1
4B =1 => B =-—
4
a-3p.lc.3 .1
4 4 4 4
- 3s+1 a1 3 1 3s 1
LY—="" | =102 - _ +
Hence ':52(324—4)} [43 as’  4(s* +4) 4(s2+4)]
or fit) = %-% —%cos2t+ésin2t
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L { 2s+1 e-as} - [ {e‘“f(s)} = f(t - 3)-u(t - 3)

s*(s? +4)
_[3_(=-3) 3 _ayp Ll -l uft -
_[4 = 4cos2(t 3)+8s1n2(t 3)] u(t - 3), Ans.

Solution. (a) (i) Let f(t) = L’ [tan‘(;%-ﬂ

Here f(s) = tan’ (éj
L) = L*‘[—fg{f(s)}] [ £ = L {F(s)), then t£t)= L [;—‘j{f(s)}ﬂ
L4 d a2
or tflt) = L [—a{tan (?)H
[
1 4
= L' —- ____.(__3 _ 1| 4s
(1+si:) S ) =1L [s“+4}
- 4s :l
| s* +4s? +4-4s®

I 4s
_1 e -
L L(s® +2F —(2s)2]

L [ 4s
| (s*# 2+ 28)(s* +2-2s)

-

I

[(s? + 25+ 2) - (s? - 25+ 2)
L (s” + 25 +2)(s* -25+2)

iy i 1 B 1
[(s°-25+2) (s®+2s+2)

ot 1
(s-1P +1 (s+1P7+1

= L“[ 1 - L !
(s-1)+(1f (s+12 + (17

-t
e'sint-e'sint = 2(6 2e ]sint
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I

e -e' .
2sinhtsint [ = sinht

2sinhtsint

flt) = —————t———.Ans.

7.(b) Solve the partial differential equation x*(y-z)p +y*(z- x)q = 2*(x-y)
Solution. The given partial differential equation is x*(y-z)p+y’*(z-x)g = 2°(x - y)

Comparing with Pp+Qq = R, we get P = x’(y-2),Q = y*(z-x), R = z*(x-y)

" . & _dy _dz
The auxiliary equations are P ) R
dx 3 dy 3 dz
or Py-2) Yle-x Flx-y) =)
1 1
Taking multipliers 2’ ;2‘» 2 therefore each of the member of equation (1) is
dx dy dz
Tttty
*ly-2) ylz-x) 2Zx-y) 0
dx dy dz
@yt T
. . Llglog
On integrating, we get x gz % ..(2)
_ _ 1 1.1
Again taking multipliers ”» 5’ 2 therefore each of the member of equation (1) is
dx,dy, dz
. __dy _ _dz _ x y z
y-2)  yYlz-x) 2Z'(x-y) 0
gx_ +_dﬁ +§z__ = O
x Yy z
On integrating we get logx+logy+logz = logh
or log{xyz) = loghb
or xyz = b (3)

1 1 1
From (2} and (3), the general solution is ¢{-+g +_z—’ xyz] = 0, Ans.
8. (a) Solve the partial differential equation : z2 = pq xy
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Solution. The given equation is z* = pxqy

fx,y,2,p,q) = z°-pxqy (1)
of of of f
—_ = = y — = — x, -_ = 2 —_—_ = - A
Here o pPay oy pax, - 2, ap axyY and 2q pxy
Charpit's auxiliary equations are
dx  dy _ dz _ dp B dqg _dF
of of 9 of @ of 9 of o
AR A S Y S AN S
op oq op oq O0x 0z oy 0z
, dx _ dy _ dz _ dp _ dq . dF
he axy pxy paxy+paxy -pay+2pz  -pax+2qz . o @
Each fraction in (2} is equal to
pdx+xdp _ qdy +ydqg
paxy - pqxy +2pxz  pqxy - pgxy +2qzy
] pdx+xdp  qdy+ydq
te, 2pxz 2qzy
o pdx+xdp _ qdy+ydp d(px) _ dlqy)
€ px qy L€ " px qy
Integrating log px = logqy +loga® = log(a’qy)
or px = a‘qy ...(3)
From (1), z* = (px)(qy)
or z2 = a’(qyy’ [From (3)]
3 z? z
or 9 =53 q=—
a‘y ay
a’ d’y z az
From (3), we get p = a9 4y =z 2
x x ay x
Now dz = pdx+qdy
Substituting the values of p and g, we have dz = 22 dx +idy
X ay

Integrating, J’dz—z = I% dx + % J‘i dy+b

! = al LB logb
t.e. ng = a ng+a Ogy+ Og or logz - log(xﬂyl/ab)

z = x"y'°b which is the required complete integral. Ans.
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8.(b) Find the temperature in the thin metal rod of length L, with both the ends
insulated (so that there is no passage of heat through the ends) and with initial

temperature in the rod sin(nx/L).

62
Solution. The partial Diff. equation in this case is —wc—‘j = h? %l:- (1)
Solution of equation (1) is wu(x,t) = (c,cos px +c, sin px)c,e ?*' /" ~(2)
2 1
[Hereh = —5]
c
Putting x =0, u = O in (2), we get 0 = ¢,c,e””' /", [/, #0, ¢, = 0]
Therefore from (2), we get u = c, sin{px)c,e ?*/* .(3)
Putting x = I, u = 0 in equation (3), we get 0 = c, sin(pl)e ?*/"
nn
sinpl = 0 = sinnn or p = N
:. Then from equation (3), we have to u = ¢, sin(_n%x')en?,@i/h?n )
. X . nrx
Putting ¢ = 0, u = sin% in (4) we get (SInTS = cysinF .(5)

The equation is satisfied if n = 1 and ¢, = 1.
Putting the values of ¢, and n in (4), we get the required solution as

. X _.2 252
u = su'lTe"'/h' .Ans.

download all btech stuffs from StudentSuvidha.com



http://studentsuvidha.com
http://studentsuvidha.com

