B.E.2nd Sem. Examination May, 2008
Paper : Math-102-E

Time Allowed : 3 Hrs. Maximum Marks : 100

Note:- Attempt five questions in all, selecting at least one question from each. section.

SECTION-A

(=)

2 3 4

1. (a) Find the rank of i Z 153 :2 by reducing it to the normal form. 10

02 3 4
23 5 4
4 813 12

Solution. Let A=

operating R; - R, - (R, +R,)

(02 3 4
A~12 3 5 4
2 3 5 4
operating R, >R, -R,,R, »R,-R,
o

2 34
A - 1.2°0
00 O

2
10
. i 1
operating C, —>EC,, Cy; —»C; -2C,,C, —)Zc“
072 -1 1]

-1 1 00
00 0 0]

operating C, »C,-C,,C, »C, +C,

0 2 -1 0]
~11'0 00
00 0 0]

operating C,—>C,+2C;,C;, »-C,
02 10

~11 0 0O
00

operating C, &
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Operating C, & C,

1000][, {0
~{0 1 O Of~feeeeen TN
0000||0 0

Which is required normal form. - p{A) = 2. Ans.

2 0-1

511

1. (b) Find the inverse of : using elementary transformations.

Solution. Writing the given matrix side by side with unit matrix.I,, we get

20-1:100
[A:L]=|]5 1 0:01 0
013:001

. 5
operating R, >R, -7R,

20-1: 100
~101 $:-310
013: 001
operating R; - R; -R,
20-1:1 00
~(5°1L3:-3 10
00 +: 3-11
operating R, - R, +2R; &R, - R, -5R;
200: 6-2 2
~j0 10 :-15 6 -5
004 : 35 -1 1

. 1
operating R, — ERl &R, = 2R,

100: 3 -11

3-1 1
~[0 10 :-15 6 -5{=[L:A"] .
iy -5| Ans,
001: 5-2 2 AT=|-15 6 -5
5-2 2

2. (a) Solve the equation by matrix method :
X+y+z=6, Xx-y+2z=5, 3x+y+z=8

Solution. In Matrix notation, the given system of equations can be written as AX = B
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1 11 X 6
A=]1 -1 2|, X=|y|,B=[5
311 z 8

where

flll:
1-12:
31 1:

w u 3

- Augmented Matrix [A : B] = {

Operating R, - R, -R|,R; = R3 -3R,

1 1 1: 6
~l0 -2 1 :-~-1
0 -2 -2 :-10

operating R, >—R,

2
1 1 1: 6
~10 1 -5+ 3%
0-2-2:-10

operating R, » R, -R,,R; > R, +2R,

3

2 2

Jo1-4: 4

00-3:-9
) 1
operating R; = -2R,

1024

ot g

00-1: 3

. 3 1
operating Ry =R, —ERs,R2 - R, +—2—R3
00:1
10:2
01:3

i
o o =

Hencex = 1,y =2,z = 3. Ans.

2. (b) Verify Cayley-Hamilton theorem for the matrix ;
261

A={0 1-6| 3,14 hence find A™?,
3 4 -2

Solution. The characteristic equation of A is
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2-2 6 1
0 1-» -6 =0

JA-A=0 ie,
13 4 -2-2

or 33-32+171+67 =0 (on simplification)
To verify Cayley - Hamilton theorem, we have to show that

A’ -A*+17A+671=0 (i)
26 1][26 1 7 22 -36

A?={0 1 -6x{0 1 -6|=|-18 -23 6
3 4-2{1|3 4 -2 0 14 -17

Now

7 22 -36 [26 1]
X

Ad=A?xA=[-18 -23 6(x[0 1 -6
0 14 -17] [3 4 -2
-94 -80 -53
=/-18 -107 108
-51 -54 -50
LAY AT+ 1TA+ 671
-94 -80 -53 7. 22 -36 2 6 1 100
= -18 ~107 108{-{-18 -23 6 |+17]0 1 ~6{+67/0 1 ©
-51 -54° -50 0 14 -17 3 4 -2 0 01
fo o o
=100 0}]=0
00 0

This verifies Cayley-Hamilton theorem .
Now, Multiplying both sides of (i) by A™', we have
A-A+171 +67A1' =0
= 67A " =-A’+A-17]
-7 -22 36| |2 6 1 170 O

= 67A7' =118 23 -61(+|0 1 -6|-|]0 17 O
0 ~-14 17! 13 4 -2 0 017

-22 ~-16 37 ) -22 -16 37
= _ b L _
=118 7 -12 A =7 18 7 12 Ans.
0 -10 -2 3 -10 -2
SECTION - B
3. (a) Solve the D.E. (2xy+y-tany)dx + (x* - xtan’ y + sec® y)dy = 0. 10

Solution. Here M = 2xy + y—~tany and N = x>-x tan? y + sec? y
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oN

—qh—d—:2x+l—sec2y o —=2x-tan’y =2x+1- sec’y
ay ’ oy
oM _ N

Here gy——gx‘

Thus the given eq. is exact and its solution is

I Mdx + I(terms of N not containing xj dy=C

yeost.

f 2Xy +y - tany)dx + jSeczydy =C
y const.
2x?

2

x’y + Xy - Xtany +tany =c¢ Ans,

3 2
y x 1
3. (b) Solve the D.E. : (y+—3~ +—5]dX+;(X+XY’ldy=0. 10
vy ox 1 ) )
Solution. The given equation is |Y* 5+ dX+;(X+xy My =0 ceneli)
Comparing (i) with M dx+N dy = 0, we get
3 2
y | X 1 2
M=y+Ll-+ Ny
Y+t and N=—{x+xy")
oM ON 1
S =1 — — 2
+y® and ™ 4(1+y)
1 _a_l\.n_;ga_l\{ . o e
since oy ox 2 thus equation (i) is not exact.
N S PR
ay ox _ (1+y )—Z(l“)-y ): {4(l+y2)~(1+y2)}/[ _ 3(1+Y2)=3
o 4 ey ey M

which is a function of x only

3
1.Fdx —dx a
-~ LF. =eI = eIx = gdloex - glex’ 3

Multiplying eq. (i) by x* , we get

5

3 1
34 %+ X ldx+ —x*(1+y?)dy = 0
yX©+ 3 5 7 X (1+y')dy

)
=

ON
Which is exact . = a+y? ):]

Hence solution is 1;

const

f—"ﬁ

xS
+ -‘2—]dX= Cl
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+ +
4 12 12
3yx* + x*y® + x°
12
or 3yxt+xty3+x°=12 ¢, = C, Ans.

:Cl

4. (a) The charge Q on the plate of a condenser of capacity C charged through a
resistance R by a steady voltave V satisfies the differential equation.

t
R% + 2.y IfQ = 0 at t = O show that : Q=CV(1-3"°J 10

Solution. According to question

Rd—Q+9=V

; dQ, 9 VvV ,
dt  C or dt CR R e (i)

1 1, R

" LF.= e'{ R glR —JW\/\/\f—J
t t
L L q c

The Solution of Eq. (i) is % .Q = jY_ o dt 4k
R

\Y
=———+K v e
R_T OF O=VC+Ke & e (i)
- CR
But Q=0 at t=0, 0 = VC + k or = .VC
-t _—‘Q
From (ii) Q=VC-VCe™ =VC[1’C CRJ. proved
. {b) Solve the D.E.: | (D-2)%y =8(e*™ +sin2x+x%). 10

Solution AE. is (D-2)? = 0 whence D = 2, 2
- C.F. = (c, + cx)e*

1

PlL= (b T2 [8(e** + sin2x + x?)]
=8 ! e + ! sin2x + ———— x?
(D-2) (D-2) (D-2
1 2x _ 1 2x
Now D-27° Y 2p-2° [Case of failure]
1 2x .
=x’ 5¢ [Case of failure]
2
- )_(_e2x
2
1 sin2x = ——l——— sin2x = 1 in 2x .
(D-2y " D?-4D+4 T 274D+ 0 (Putting p? = —22]
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:1[1~2(-9)+<_~%(~_?»(9)2 ...... }
4 2 2 2

_1 3 2_1] 2 2y, S22
—Z[:I+D+ZD2+ ...... ]x —4[)( +D(x)+4D(x )}

2
PL=8 X—e2"+10052x+—1—(x2+2x+§)
2 8 4 2
=4x? e + cos 2x + 2x? + 4x + 3

Hence the C.S. is y = (c, + c,x) e + 4x? e¥* + cos 2x + 2x* + 4x.+ 3. Ans.

d? d
5. (a) Solved by method of variation of parameters : .dx—z - ﬁ =e"sinx 10

Solution. Given equation in symbolic form is {D? -2D)y = e* sinx

ts AE. is D?-2D=0 so that D = 0, 2
- C.F.is y=c, e’ +c,e™ =c, +¢,e™
Jere y; =Ly, =€ and X -e*sinx
W—':yf y,2=1 eZ!’c — 2x
Yy ¥o| |02

Pl = -y, jy‘ilxdx +y, Il\;é(—dx

2x X ol X of
e xe*sinx  fe¥sinx
1, . e” ¢ ..
= —5 e*sinxdx + e*sinxdx

1] e . e*le™
= —— (sinx -cosx) |+ 1 (-sinx -cosx

211+1 2 +1

X

1 ., . e .
= —Ze (s1nx—cosx)+—z-(—s1nx~cosx)

e* e*
sinx = —?sinx

e* . .
=T[—smx+cosx—smx~cosx] =

X

. e .
fence the C.S. is y =¢, +c,e™ ~ 5 sinx. Ans,
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5. (b) Solve :

d . . .
Solution. Write D for ac the given equation become (D + 4) x + 3y = ¢t .. (i)
and 2x+ (D +5)y=et ... (i)
To eliminate y, operating on both sides of (i) by (D + 5) and on both sides of (ii) by 3 and
subtracting ,
we get [(D+4)(D+5) -6]x=(D+ 5]t -3et
or (D? + 9D + 14)\x= 1 + 5t-3et
Its A. E. is D?2+9D + 14 =0
or D+2j(D+7)=0 D=-2,-7
CF.=ce™® +c,e™
PL= (145t~ 3¢
D?+9D+14
1 o 1 1 .
e 4 5 -3 e
D*+9D+14 D” +9D +14 D" +9D +14
=— 1 %5 ! t-3 L e
0% +9(0)+ 14 9D D? ?+91)+14
14[ 1+ —+—
14 14
1 s (b o\ 1., 1. 5[ (oD D? 1
=—d—{l4t| —+— || t-—€' =t =+ = [+..... t-=e'
14 14 14 14 8 14 14 14 14 8
15( 9)1,15 45 1, 5. 31 1,
bt [ et - —— — et =t - — =€
14 14 14/ 8 14 14 196 8 14 196 8
x=ce” +c,e” s 3L 1.
14 196 8
dx - _‘.‘ 5 1
Now i -2c,e” - 7c,e 7: +—1—;—-8—e‘
) dx ‘. . dx
Substituting the values of x and 3 n (i), we have 3y =t—~&-t-—4x
- 7w 95 1 R R 10 31 1
=t+2c,e +7c,e”’ ——1;4--8—6 ~4ce™ —4c,e™ —7t+za+_2.e‘
1 . w3, 27 5
==(-2c,e® +3c,e” -St+i- 4+ ¢
Y 3[ ! €77 +98+8e]
Hence x=ce ¥ +ce +%t—’i—zi6—%e‘
2 . 1 9 5 ,
y=-3%¢ * 4 ce” —'7-t+§§+536 . Ans.

ix—+4vx+3y=t
dt

i’—y—+2:¢+5y=e‘
dt
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SECTION - C

e sint
6. (a) Find the Laplace transform of : (i) t sin® t (ii) " —— 10
Solution. (i) Litsin®t]
tn ,
= L{; (3sint-sin 3t)] [-. sin3A = 3sin A - 4sin’ Al

- %[3L(tsin t)~ L(tsin3t)]
EEEREIER
ds|s’+1]| ds{s’+9
1 5[ +1x0-1x2s] f(s? +9)x0-2s
4 (s*+ (s* + 9

[ 2s 2s
L(s®+1) T sr+ 9y

]

N

-Mo:

23
T2 (s? +1) (s +9)

_3s| #*+81+18s" - g* -1-25°
2 (s° + 17 (s? +9)

3s| 16s”+80
2 { (s + 1P (s° +9)

3s(8s°+40)  24s(s’+5)

= (32 A 1)2 (32 N 9)2 - (82 + 1)2 (s2 + 9)2 . S,

Liesint) = ———
Solution. (ii) Mesnt =

L e'sint)_ r 1, ds = [tan"(s + 1)]50
= t s s+17 +1 :

= g —tan”’{s + 1) = cot (s + 1) . Ans.

2

6. (b) Find the inverse Laplace transform of : B+ 1) 10

s? A B C
= “+ +
(s+1P s+1 (5+1° (s+1pP
Multiplying by (s+1)3, we have
s?=Als+1P+(s+1)+C -

Solution. Let
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s?=A(s* +2s+1)+Bs+B+C

s?=(A)s’ +(2A+B)s+A+B+C ()
Equating Coefficients of s, A=1 ... (id)
Equating Coefficients of s, 2A + B=0 ... (i)
Equating constant terms A+ B+ C =0 e fiV)
from (ii) and (iii) 2+B=0=3B=-2
from (iv) 1-2+C=0=C=1
el ot
s+1) s+1 (s+1)? (s +1p°
b ?
=e" -2e xﬁ+e x-2—!—e [1—2t+—] Ans

7. (a) Find the Laplace transform of function f|t) given by :
t O<t<c

fit) = 10
2c-t c<t<2c

Solution. L{f(t)} = ——— fce‘“f(t)dt Ny [fetat+ rce’s’(2c-t)dt
1_e~2cs 0 l_e-QCs o A

1 et et e™ e* 1™
SRS § PO . QD ), PSR R A
1-e** H -s_ §* }0 {( AP s* |,

Ce—cs e—cs 1 e—2cs ce—cs e—cs 7
- Tttty t T2
-

1
1<e2s [ s s s s s s
_o 1 f1-2e+e®) 1 (1-e®p 1 l-e*
1-e™2e s’ s? (l+e)l-e) s? 1+e*

1[e®? e/ lonnSs
SZle? o2 | 2 2 . Ans,

7.(b) Form the PDE by eliminating the arbitrary functions from : z = x fix+t) + g(x+t). 10
Solution. Given z=(xf(x+t)+gx+t)

=fx+t)+ xf(x+t)+ g (x+t)

2R

2z

2

Q.

=fx+t)+fx+t)+ xR+ 1)+ g (x + 1)

|

D,

2z

or = =2f(x+t)+ xf"(x+t)+g"(x + 1) -..{Q)

Q.
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&z

pe =xf"(x+t)+g'(x +1) ... (if)

o . Pz Pz
Subtracting (ii} from (i) Pl A'x+1 ... (i)
>’z

axat=f'(x+t)+xf(x+t}+g(x+t)

Also
1{d%z &%z| Pz ) .
=5 e +5t7 [using (ii} and (iii)]

o’z 0z &z

— -2+

ox oxdt ot
Which is a partial differential equation of the second order. Ans.

or =0

8. (a) Solve: z?(p?x%+q?) =1 10
Solution. The given equation can be written as

zY (&Y
22 {(x-—) +(-—J }21 (i)
ax ay “re
dx
Put o =dX so that X = log x

d oz 0z X _dz 1 2 _2oz
an x oX ox X xo ¢ Y& T X

2 2
Equation (i) reduces to 2’ ['a‘z—) 8 [fﬁ) =1
oX oy

&z y

or z? (P2 +¢*) =1, where P T ...(ii)
dz dz
= P=—o =a——
Let u = X + ay so that aa and 4 a0

2 2
- From (ii) we have z* (iz_) +a’ (%] =1
- du du

.(dzY
(1+a2)22(a;] =l or Jl1+a?-zdz=+du

2

z
Integrating, Vi+a® . 5= fu+b
or Vi+a®?.z? =+2(X +ay)+2b
or Vi+a?.z? =+2logx +ay)+c

Which is the required complete solution. Ans.
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ou o
8. (b) Determine the solution of one-demensional heat equation : P szl:
where u(0, t) = O = u(l,t) (t > 0) and u(x, 0) = x, 1 being length of the bar. 10
. . . . . ou o
Solution. The temperature function u (x, t) satisfies the differential equation 3t_=C25x_‘21
Solution of the heat equation is u(x,t) = (¢, cospx +c, sinpx)e <Pt ...(i)

But u(0, t) = 0, from (i)
O=c,e™ " = ¢, =0

= From (i), u(x,t)=c, sinpx.e™™*"

since u(l, t) = 0, from (ii)
0 =c,sinple ™"
sinpl=0= pl=nnr

nz . s
p=—",n bearing an intiger

—c’n‘x’t

i i) i {)=bnsin{ 27X )e ¥ i
solution of (ii) is u(x,t)=bns 1 on replacing c, by bn.

The most general solution is obtained by adding all such solutions for n=1, 2, 3 ..................
et

)= ibnsin[f‘lﬁ)e B ....(iii)
n=1

3 . [(nrx
since u(x, o) = f(x), we have f(X)=ans1n(—l—]

n=}

1
bn = v j f(x)sin[ﬂ)dx
1 Jo

By Fourier series 1

2 ¢ (nxx
But f(x) = x sobn= n foxsm( . ]dx
1

=2 —XLCOSE‘X +__1_ Lms_rﬂdx

1 nx 1 j, nm& 1

2) -1 11 (. nrx) | -2
=—|—cosnr+ -—| sin— = cosnr

1| nm nr nzr 1 ) nr

22,2

X = 1 . -C n}x t
u(x,t}= Z—g—cos nr sm(n—fi)e i
o nrx

o€ —C2r127t2t
2l ~oosnr (n;rx) 7
== sin| — |e
4 n 1

n=1
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