B.E.2nd Sem. Examination, 2008-09
Paper : Math-102 - E

Note:- Attempt five questions in all, selecting at least one question from each section.

SECTION-A
3 -1 2
1. (a) Find the rank of the matrix : |6 2 4| by reducing it to the normal form. 10
-3 1 2
3 -1 2
Solution. Let A={-6 2 4
-3 1 2

operating R; »R; +R; R, » R, +2R,

3 -1 2

~10 2 8

0O 0 4

, 1 1
operating C, »=C,,C, 5 -C,,C, » 2G4
1

~10

0O 0 2

p—
b

) 1
operating R; >R, - 2R,

1
o o -
o o =

EN

operating C, »>C;-C,,C,»C,-C,

1 0 O

~l0 0 4
0O 0 O

. 1
operating R, —*ZRz

1 0 o]

~-10 0 1
0 0 O
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operating C, & C,

1 ,
o C =
o = O
o O O

—
o

which is the required Normal form ~ pP(A)=2 Ans.

21 -1
1

1. (b) Compute the inverse of : ; using elementary transformations.

Solution. Writing the given matrix side by side with unit Matrix I, we get:

21-1:100
[A:L]=|0 2 1: 0 0 O
5 2-3: 00 1

. 1
operating R, — ER‘

1 3 -4:12 09
~l02 1:0 10
52 -3:0.0 1
operating R, - R; -5R,
L=t i 400
-1072 1 :0 10
0<% -4 :% 0 1
) 1
operating R, 2R,
1 4-4:400
~l0 1 1:0 1 O
0-3-4:4 01

1 1
operating R, >R, ) R, and R; - R, +§R2

1 0 2:4-20
~lo1 t:0 40
00-3:% 41
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operating R, — 4R,

1 0 0:8 -1-3
~/10 1 0:-5 1 2
0 0 1:10-1-4
=[13:A‘1]
8 -1 -3
A'=l-5 1 2 Ans
10 -1 -4
1 3 7
. (a) Verify cayley - Hamilton theorem for the matrix A=/4 2 3
1 21
and hence compute A-! 12
Solution. The characteristic equation of A is
1-» 3 7
|A-Al=0 iejn| ¥ 274 3 =0
1 2 1-A
A% =42% - 204 -35=0 (on simplification)
To verify Cayley — Hamilton theorem, we have to show that
A% -4A°-20A-351=0 (1)
1 3 7|11 3 7 20 23 23
Now A*=|4 2 3| |4 2 3| ={15 22 37
1 2 171 21 160 9 14
20 23 23| (1 3 7 135 152 232
A*=[15 22 37| |4 2 3|_ {140 163 208
10 9 14 1 21 60 76 111

135 152 232 20 23 23
A® -4A% _20A -351 =[140 163 208| —4{15 22 37
60 76 111 10 9 14

0 0
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0 0O

0 0O
0O 0O

This verifies Cayley - Hamilton theorem.

‘Now, multiplying both sides of (1) by A"!, we have

A?-4A-201-35A"'=0

=0

or 35A7' = A2 - 4A - 201
20 23 23 1 3 7 1 00
={15 22 37| -4/4 2 3| —20(0 1 O
10 9 14 1 21 0 01
-4 11 -5
=|-1 -6 25
6 1 -10
. -4 11 -5
a1 0
Hence A 735 1 =6 25| Ans,
6 1-10

2 2
1 +§xz t X,

2. (b) Show that the transformation ¥ = 3

1
—X
3
—Ex +lx -Ex
Y2 3t3zX 3%

2 2 1
Ya=gm-gFat3Xs is orthogonal.

Solution. In Matrix notation, the given transformation Y = AX,

¥, ) 1 2 2 X,
where Y=iy, , A=§ 1 1-2 ’ X=1|x,
¥ 2-2 1 X,

1 2 2

3 A'=é 2 1-2

2-2 1

1 2 21 11 2 2

. 1
Now AA-§ 2 1-2{x=|2 1-2
2-2 1 2-2 1

O~
o O 0
o 0 O
O ©C O

i
o o -

0
1
0

- O O

=1 .
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Since A A’ = 1, A is an orthogonal Matrix.
. Given transformation in orthogonal. Proved.

SECTION - B
3. (a) Solve the D.E. (ycosx + 1)dx +sinxdy = O 6
Solution. Here M = (y cos x + 1) and N = sin x
%:COSX and -ZX—N:COSX

oM _ N

dy Ox
Thus the given diff. eq. is exact and its solution is

Mdx + J. [terms N not containing x] dy = C

const

L {yconx + 1jdx + IO dy=C
const

y sinx + X =c. Ans.

3 (b) Solve the D.E. xdy-ydx =(x* +y*)dx. : 7
Solution. xdy ydx=(x*>+y?dx ‘

xdy -ydx
or Xy =dx

o ()

o
On Integrating tan lL%

~—
1]
b
+
[¢]

(XJ =tan(x + c)
x
y =x tan (x' + c). Ans,

3. (c) If the air is maintained at 30°C and the temperature of the body cools from 80°C
to 60°C in 12 minutes, find the temperature of the body after 24 minutes. 7
Ans. By Newton's law of cooling

dT

Ta -k(T - 30) where k is a constant.
dT
. =-kdt
or (T -30)
On Integrating
log(T -30)=-kt+c .. (i)
But at t=0, T=80°C

- log{80 - 30)=-k x0+c=>C=log50
From (i)
log(T - 30} = -kt + log 50
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kt =log 50 - log(T - 30) ... (id)
when T =60°t=12
12k =log 50 - log (60° - 30°)

12k =log 50 -

Dividing (ii) by (iii)

log 30 ....(iii)

50
-30

Att =24 12 [s]
log

5
or 2log (EJ = log

or T ~30 =18
. T ="18 + 30
Hence the temperature will be

2

= 480

48°C after 24 minutes. Ans.

d
4. (a) Solve the D.E. de+4y=xsinx

Solution. Given equgqtion. in symbolic form is

(D* +4)y =x
A.E.is D? +

sin x
4=0

D?=-4 =>D=1%2i

C.F.=C, cos

Pl= !
D?*+4

=LP.of

(D2 +4)

=LP.of ————

download all btec?l sf
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=1P.ofeX ———
ofe” Sripsa ™

; 1
=LP.ofe'" —————— (x
D’+i2+2iD+4( )

=LP.ofe'™ ——5———1f-—(x)
D°-1+2iD+4

=IP.ofe'* ———2———1——— (x)
(D* +2iD+ 3)

=IP.ofe/* —————M (%)
31+ 242, D
23]

| ==
U

]

-

o

Q
—_

£

=IlP.ofe” =|1+—+—
3

BEEINE
i . 2 . 2\2
_1P.oferL|1-[AR, D) f2D D (%)
3 3 3 3 3
=LP.ofe* - x——Z—IB(x)]—IP of e'* 1[1——2—1-]
3 3 3
=LP.of —é—[cosx+isinx][x—%}=—9—2cosx+§smx

=%[3xsinx-—2¢osx]
Hence the C.S. isy = C.F + P.L.

y =C,cos2x+C, sin2x+%[3xsinx—2008x], Ans.

d2
4. (b) Solve the D.E. dxz ty=tanx by the method of variation of parameters. 10

Solution. Given equation in symbolic form is (D? + 1) y = tan x

A.E.is D’ +1=0=>D=+#i
: CF.=C cosx+C,sin x
Here y, = cos X, y2-smxandX—tanx

Vi Y| |Cosx sinxl_1

aW=t .
y1 Y| [-Sinx cosx

Pl=-y, IX:ATX—dx+y2 l‘«?dx

= .CoS X jSinxtanxdx-*sinx Jcosxtanxdx
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_ 2
=—cosx.[£1——g)—s—ﬁdx+sinx _[Sinxdx

COS X

=-COSX J(Sec X — cosx) dx + sin x x - cosx

= -cosx[log (Sec x + tan x) — sin x] - sin X cos x

=-cosxlog (Sec x + tan x} + cosx sinx — sin xcos x

= -cosxlog (Sec x + tan x)

Hence C S.isy = C, cosx + ¢, sin X — cos x log (sec x + tan x). Ans.

2
5. (a) Solve the D.E. x5 Y _2x ¥ _4y_ 1 210gx.

dx? dx

Solution. This is a Cauchy's linear homogeneous eq.

Put x = e*i.e. z = log X, so that

d dy’ d
l‘l:Dy,x’Lz=D(D-—l)y, where D=—

dx dx
Then the given equation becomes
[D(D - 1)-2D-4]y = (e + 2z
[D>~ D -2D - 4]y = e¥*+2z
[D?- 3D - 4] = e¥*+ 2z
Which is a linear eq. with constant co-efficients.
Its AE. is D?-3D-4=0
D?-4D+D-4=0
DD-4)+1(D=-4)=0
D+1)(D=-4)=0
o D=-1,4
Then CF.= Ce*+C,e*

=%’-+ C,(e* )
e

= gx—l C,x*
_ €”+2z
T (D?*-3D-4)

e2z e2z

"D -3D-4) (D -3D-4)

= e” + 2 {z
Now 2F —3x2-4  —4-3D+D°
e’ 2
- - (@
4-6-4 3. D

4/1+—-D-—
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1
-_-__——-2—logx [- e*=xor z = log x]

Hence C.S. is
y=C.F. +PL

y=C x'+C, x4+———~—%logx.Ans,

dx a
Q.5 (b) Solve the simultaneous eqn. : ——*+y=sint, It +x=cost

given that x = 2, y =0 when t =0 10
Solution. Here, = y =sint

or dx+y =sint ....(i)

Dy + x =cost or x+Dy=cost ....{1i)

D*x + Dy = Disint]

x+Dy =cost

-4 - — on substracting

(D°~1)x = cost~cost
or D*-1)x=0
AE isD=+1
F.=Ce'+ C, ¢

Pl =0

Then x = C.F. + PI. =C, e7+C, €' .. (idi)
Differentating w.r.t. x

dx
— =-C,e'+Cye
dt 1 2€

dx

—— 4+ vy =sint
But at y

sint
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Butx=2att=0

From (iii) 2=C, +C, or C,+C,=2 (V)

y=0 att=0, 0=sin0+C-C, or C-C,=0 ... {vi)
From (v) and (vi), we get

C, =1C6,=1
Then x=e'+¢' J
. + | Ans,
y=sint+e -e
SECTION - C
6. (a) Find the Laplace transform of cos h (at) sin(at) 7
Solution. Here, L [ cosh (at) sin (at)]

c

at -at at -at
He—ﬂ—} sin at] { cos h(at) = S—i—e——}
2 2

= %[L{e‘“ sina t} +L {e““ sinat}]

N | =

_
a . a
| s-a)+a’ (s+af +a’

[
NP

[ 1 . 1
s’ +a?-2sa+a’ s?’4+a%+2sa+a?

al 1 1
== +
2| (s® +2a)’ - (2sa) (s* +a’)+ (2sa)}
_al < s’ +2a’ +2sa+s” +2a” - 2sa
21 {(s* + 2a%) - (2sa)} {(s* + 22} + (2sa)}
_a, 2s? +4a’
2 | (s* +2a%)? - (2sa)®
_ a(s® +2a?) _a(s® +2a?)
s* +4a* + 4s%a’? - 4s%a’ s +4a - Ans.
1
6. (b) Find the Inverse Laplace transform of (s +a?) 7

Soluion. Since the fraction involves only even powers of s, We put s? = p so that the given
fraction becomes .

1
plp+a?)
1 A B
n- -t 2
plp+a’} p p+a
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Multiplying both sides by p(p+a?), we get
1=A(p+a’)+pB

or 1=Ap+ Aa’ + pB or 1 =(A+B) p + Aa?
Equating Co-efficientsof p, 0=A +B ...(i)
Equating constant terms 1 = Aa?
1
or A= i
. -1
From (i) B=-A= ]
1 1 11
Thus s(s+a’) plp+a’) a's’ al(s’+a’)
1 1. ,]1 1 1
Trebl- 4ol
|is2(s2 +a2)] a’ s?] a® s?+a?
1 t2—l

6. (c) Evaluate : f -e——i-—dt. 6

1 1
Liet 2e3t]= -
Solution. Here, [ & ] s+]1] s+3

-t -3t
- L ¢ . =f 1 - 1 ds
t s+1 s+3

s+
(s+3)

= [log(s +1) - log(s + 3)] 7= [108

(s+1) s+3
=0-log 8+ _1oq( 53
Bls+3) Blsi1

© -t _ -3t
| e-st[g_e__Jdtﬂog[sw}
s t s+1

* et -e™ 0+3
Taking as s = O, then IO e ‘[——t—Jdt=log[o+J=log3. Ans.

:+x=tc002t
dt

7. (a) Solve the D.E,
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2

d
Solution. Here, Eg +x=tcos2t

Taking Laplace transform of both sides, we get
[82)_( -sx(0)-x ‘(o)] +X =L[tcos 2t]

[s’i—sx(O)—x'(o)]+i=—d{ S }

ds|s’+4
_ *4+4-28? 4-s?
2 1 = — s + 4 2 = — -
e+ 1R [ (s* + 4) (s* +4)
%o -4
or (s* +4)(s* +1)
Taking inverse Laplace transform of both sides
2_4
=L! _i___ .
X [(82 +4)2(SZ +1)} ...-(1)
s’-4 . z-4 , B
Let 2+ AP +1) (z+afz+1) VheTE S =z - (i)
z-4 ___A B 4. ¢C
Let  CiNz+af @+l) @+4) @zed e (i)
z- 4 = A(z+4)? +(z+1) (z+4)*c (z+) . (iv)
-5
Puttingz=-11in (4) ,-5=9A -9

8
Puttingz=-41in (4) ,-8 = -3C = C=§
Comparing the constant terms in (4)
-4 =16A+4B+C
4.8 4p.8
9 3
-36-24+80 _

4B = B=-5—
9 9

s?-4 5 1 +_5_ 1 +§. 1
(S?+4P(s°+1) 9 (s°+1) 9 (s?+4) 3 (s?+4f

2_4 -5 51 8 1
- L?! . s S =—sint+—-—sin2t+—.——(sin2t —
l:(SQ+4)2(sz+1) ) 92 3 xg Sm2t-2tcos2t

=:—5—sint+—isin2t+%sin2t——;—t0032t

s 1 . 1 1
e |=—t tandL!| —— =~ _(si _
[ [sz+a“)2] > sinatan [(sz+a2)2J T(sinat—atcosat)
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Lt —Z——S-2— 1 =—1—3[sinat—atcosat]
s*+a®) |2x8 2a .
X =—§sint+ isix12t—~1—tcos2t
9 9 3

X =é[4sin2t—55int—3tcos2t]_ Ans.

2

1 0’z |
7. (b) Solve : 108 ox 0y =X+y,

log =X+Yy

Solution. Here,

Ox oy
&’z oy
or =€
Intergrate w.r.t. X, keeping y as a constant.
2=ey -e* +1(y)
oy

Again Integrate w.r.t. y, we get

z=ee’ + j fly)dy + 4(x)

z=e'e’ +gly) +4lx)

or z=€e""Y +g(y) + ¢(x). Ans.
Where g(y) is the integral of f(y].

8. (a) Solve the D.E. x°p + y3q = (x+y) 2.
Solution. Here, X’p+yiq=(x+tylz
Comparing with Pp + Qq = R, we have
P=%2 Q =y?, R = (x+y)z
The auxiliary equations are

dx _dy_de
P Q@ R
dx _dy __ dz :
or x2 y2 (X + y)z ....(l)
Taking the first two members, we have
dx dy
2y
, dx _ I?.’i
Integrating <2 yv2

-2+1 -2+1

X y
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1 1 1 1
-——-==a

Xy or —-o=a
Again taking lst and last members, we have

dx  dz

X (x+y)

1 1 dz
—+ dx = — vy=
X Xx(ax+ 1)] z [

Now x(ax+1)=;+ax+l or 1= Afax+]1) + Bx

= 1] ...... (i)

F l+_1__ a dx—g
rom (iii), we get % an+l

. . dx dx ”dz
Integrating on both sides 2_"—;— a I(ax 1) =7

2logx—ax:i—log(ax+l)=logz+?logB

logxz—log[(—x;;—yhl]—logz:logb [-.-a="‘y]

logx® -log X —logz= logb
y

log = =logb
Zxz
y
=Xy .
or == «ooo(iv)

Combining (i) and (i), the general solutior: is ¢(3‘21,§—;1(-J=o. Ans.

8. (b) Solve using Charpit's method (p?+q*) x == pz
Solution Here, fx,y,2,p,q =0p?+q)x-pz=0 ...

(i)
download all btech stuffs from StudentSuvidha.com
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2 2 af 6f af
— ’—-zo, ——=—-—,——~=2 -— ,——-:2
o P +q o pe P; op px -2 ax
Charpit's auxiliary equations are
dx dy _ dz ___dp _
-~ -of ~  _of of  of of  of of
=T ®T P -Q— P tq
o 0Oq op q &x "2 oy oz
dx - dy _ dz - dp _ dq
or ~(2px-z) -2qx -p(2px-2z}-q(2qx) P*+q*-p? O+qx-p
dx dy dz dp dgq

2px+z -2qx -2p°x+pz-29°x Q' -pq
From last two member of (i), we have

e w P
jpdp=—.|’qdq=>22—2-=—_2—2-+f—;-

Integrating p? = —q? + a’(say)
or q2 + p2 = a2 )
Using (iii) in (i), we hawv

a’x-~pz=0
a?x
p:
z
Now q2 +p2 =a?
\ , (atx?
or q* =a®~ ==
z
a
or q==4/z% - a’x?
z

Nowdz=pdx + qdy
Substituting the values of p and q, we have

2
dz =22 dx+ 227 ~a?? dy
z z
zdz = a’xdx + avz? -a’x? dy
or zdz -a’xdx = avz® -a’x* dy

=ady

JZ2 -a%)

.....

download all btech stuffs from StudentSuvidha.com



http://studentsuvidha.com
http://studentsuvidha.com

1
1 (2° - azxz)‘a*‘
. 2
Integrating 1

2

vz? -a%x® =(ay + b)

=a y+b

z? = {ay + b +a’x?
Which is the required complete integral. Ans.

8. (c) Solve x(1l+y)p=y(1+x)q
Solution. Given eq. is x{1+y)p = y{1+x)q

Xp __yq
or Q+x) (I+y)
which is of the form f, (x, p) = f,(y, q)
Xp __yq _
Let l+x {l+y)
Xp 1
then W+rx =a or p= 1+ +xx)a
_Ql+y)a
and Ty

These value putting in dz = x dx+y dy

dz=a(1+x)dx +a(l+Y)dy
x Y

Integrating

Jaz=a [[£+1)oxvaf[L1)oy

z=a(logx+x)+allogy+y)+b
z=aflogx +log y}]+a{x+y}+b

log(xy)+a(x+y)+bz=a
which is the required complete solution.
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