B.E.(M.D.U))
First Semester Examination, 2008-09

M athematics-1 (MATH-1)

Note : Attempt FIVE questions in all, selecting two questions from each part.

Part-A
Q. 1. (a) Test the convergence or divergence of the series :
2 3 4
—t—t — 4
2P 3P
Lol
Ans 2P 3P 4p .........
|
Here U == f(n)
n
1
f(x)=—
()=

For x> 1, f(x) is positive and monotonic decreasing.
. Cauchy Integral test is applicable.

Case l: When p 21

Subcase (i) When p > 1, p--1 is positive so that,

?f(X)de - [ : r= _0-1) = —— = finite

p-1Lx""],  p-i p-l
o
= j'f(x)dx coverages —> Lu, is convergent

Subcase (ii) : When 0 <p <[, I-pis positive so that,

T S
{f(x)dx:;_—r;[xl —p}l :l_-_;;[oo__l]:m

N Jf(x)dx diverges = Zu,, is divergent
{

. ]
Casell : Whenp =1, t(x) = < For more study material Log on to http://www.ululu.in/



o €0
_[f(x)dx = jldx =[logx];” = -logl ==
r PN '
= ' ff'(x)dx diverges = Zu, is divergent.
1

Hence, Zu,, convergesifp > 1 and divergesif p<1.
Q. 1. (b) Discuss the convergence of the series :

x 1 x3 13x% 135 %’

—+——.—‘—+~————+——.~—+ ...... (x>0)
1 23 245 246 7
x 1 X 13x° 135x7
Ans. —t e — b L x>0
1 23 245 2467

Neglecting the first term,

We have. T 226 (2n) 20+l

135........ (2n—l)(2n+|) x2n+3
u =
And 46 (2n)(2n+2) 2n+3

' l 3
2nf 1+~ 2n| 1+ —
u, 2n+2 2n+3x ] n[ +n) n( +2n)

Upy; 2041 2n+1 2 2n(l+~-l—)2n(l+—]-)xz
2

Uy

lim = Jim
- Uy N [ 1) X~ X

X2

. : o | , : !
- Byratiotest, Tu,, isconvergentif — > 1 ie., x? <| anddivergentif — <1ie, x2 s if x> =1,
X
then ratio test fails.

When, 2 = 1. we have For more study material Log on to http://www.ululu.in/



u, _(2n+2)2n+3) 4n® +10n+6

Uyl (2n+ ])2 4n? +4n+1
2
- . 4n° +10n+6
lim n( il —l]= lim n(—P—Z——n————l
N> llnH n-»x \ 4n“ +4n+1
. 6n° +5n . 6+5/4 3
= lim — = lim — 7 =3
nowdn® +4n+l nowyg T 1 2
n n2
E>l
2

. By Rabbe's Test. the series converges.

Hence, Xu,, is convergent if x>'< 1 and divergent if x2>1.
Q. 1. (¢) Using the integral test, discuss the convergence of the series :
1
5
(n+1)""

AnS. x -I—~

(n+1)?

Here, - (

!
(x+1)?

f(x) =

For y>1 f(x}) is the and monotonic decreasing. Cauchy's Integral test is applicable.

Now, f(x)dx =

-y, &
—_—y

dx < )
s = [{(x+1) “dx
(x+1)° J;(x )
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o

= j'f(x)dx converges and hence by integral test Zu, is convergent.
)

Q.2.(s) Expand e*"* by Maclaurin's series up to term containing x*.
Ans. f(x)=eS"~, f(0) =1

f(x) = eSIMX Loox f'(O)=
f(x) = S'““( sinx)+cos2 xS X

=% x[~ SINX + cos? x]

= esm“[—sinx+ [ - sin? x]

= eSi"[l - sin? x —sin x], (0) =1

£1{x) = e¥"¥[~ 2sinxcosx—cosx]+[l—sin2x—sinx]es'“"cosx

= S'""[—2 SINXCOSX — COSX +COS X — SiNZ X COSX — §in xcosx}

= es'“"[-—3sm X COSX —sin” xcos x} = es"‘"[—;sm2x —sin? xcosx |f"'(0) =0

SIHX

¥ (x 5'“"[ -32— (cos2x)2 sm2 x(-sinx) +'2(cos2 x)sin x”

~3c0s2x +sin® x - 2 cos? xsmx] £¥(0) = -3

2 x3 4
£(x) - e = £(0)+ xf(0 )+~——f"(0 S (0)+ 2 £ (0

2B 4

Q. 2.(b) Show that the radius of convergence at any point of the cycloid x = a(0 +sin8), y = a(1- cos0)
is 4acos0/2.

Ans. x = a(0 +sin0), y = a(1 - cos6)
x'= a(l +cos0), y'= a(sin6)
s"=al~cin@A) v'=arncl
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x2+y?=a(l +c056)2 +a’sin? @
= a2(1 +cos> B +2cos0 +sin’ 9)

0 0
' =a%(2+2cos0) = 2a%(1+cosB) = 2a%2cos? 5= 4a? cos® 5

x'y"-y'x"= a(1+ cosB)acost —(asinB)(~asinB)

= az(cose +cos? @ +sin? 6)

| @

= a?(cosO+1) = a*2cos’

0 32
32 2.2
(x'2+y2) (4:1 cos E)

XY'-y'X" 2a2cos?6/2

Radius of curvature g _

_ 8a°cos’6/2

- 2a° cos’ 0/2

d=4acosB/2|.

Q.2.(c) Find the asymptotes of the curve :
x3+3x2y—4y3—x+y+z=0

Ans. x3+3x2y—4y3-x+y+3=0 (1)

Singe the cocfficients of 3 and y3, the highest degree terms in x and y, are constant there are no

asymptotes paraliel to the x axis and y axis.
To Find Oblique Asymptotes :
Putting x = 1,y = m in third degree terms of equation (1),

03(m)=1+3m—-4m>, ¢,(m)=0

[

The stopes of asymptotes are roots of ¢3(m)=0

1+3m—4m3 =0

1 - .
m:],‘E,*z— form=1
Also, ¢3(m)=3-12m’
Ceivent __9o(m) _
. C 1S given by - ' -
= y o3(m)
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Corresponding asymptotes is
y=1Ix+0
For the twice repeated value m= >

& 43om)+ b m) ~b () =0

| S;—(~24m)+<:(())+(~1+m)=0
(-22m)c? +m-1=0

For m:;‘ = [ l2x:—l) 2—l«l-*O
2 2 £ 72

6c2—§=0 czz—l—
2 4
= c=t%
Corresponding Asymptotesy = mx+¢
y=—=X+T y:——l—x-«l
2’ 202
2y+x—-1=0 2y+x+1=0

Hence asymptotes are

ry.:;(=0,2y+x—l=0,2y+x+l=0~],

Q.3.(a)1f u=f£(r) where y = \/xz +y? +2* showthat:

an? oy? ot r
o X
A“S.lfu:f(r)’ r= x2+y2+22 E{Z—‘—:
'\2 2 ’\2
Ay 0w 8%m 2
—5+—5+ =f"(r}+~f'(r
To show, Py ﬁyz Pye) ( ) r ( )
N _dE gl X x()
0x Oy ox 2 x2+y2+22 r
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_xrf"(r) . if'(r)  x2f'(r)
2

2z Ty TP (D
*u_y () f(r) yir(r)
By gy—{: 2 + v 3 .2)

= + - -3
. 622 r2 r 3 )
Adding equations (1) + (2) +(3)
Pu f&:f"(f)(xz+yz+22)+3f'<fl_f'(f)(xz;y2+22)
x> eyt 0 r? r r3

ﬁ”u . &y . oty = () + 2 £(r)
a2 . . Henceproved.
a2 Gyz 02° r proved

Q. 3.(b) Prove that :

tan ! ax

J:(l+x2)

dx=—12£log(a+l) when a >0.

< tan" ax dx .
Ans, 0 x(l 4 XZ) L)
Let F(a) = j fan azx dx )
0 X(l + X )

xdx

a{x(l;x } I (l+x )l‘+a 252
dx _ 1 ]”[ 12 1 ]dx

(I+x2)(1+a2x?) .(1~a2)0 1+x2 1+a%x2
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Partial fractions by putting x% = [

A

o [tan“x]w -a’ J- dx
' 0 1-a’ y1+a’x>

I [ -1 -9 ] a> 1%
= tan oo-—tan - -y
l_az l-a 21-

x +l/a

_ ! 5_1@}_1(’-3)_* n
T g-a2l2 2] 21-a2 2+a)
(i)
From equation (i), when a=

n
-, From equation (ii) 0=5|0g1+c=0+c = c=0

F(a) = g—log( 1+a)

o -
tan  ax

Henceo x(l+x2)

dx = glog(l +a)

-Q.4.(a) Expand e* log(1+ y) in powers of x and y upto terms of third degree.
Ans. Here, f(x,y) = e" log(1+y), (0.0} =0

fulx.y)=e*loglt+y).,  x(0,0)=0

fo{x,y)= €
y( )’) Try’

X

£,(0,0) =

fu(Xy) =€ log(l+y),  fix(0,0)=0

X

(o)==, £y (0.0)=1

2
fyy(x.y)=~*/(1+y)",  fyy(0,0)=-1
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fox(x.y)=¢ log(l+y) foX(O*O):O

faxy (X, y) =¥ /14y, £, (0.0)=1

fayy(x.y)=~e*/(1+ Y)z  Fyy(0.0) =~

fyyy(x,y) =2¢ /(1+ ¥). fiyy(0.0)=2

e“log(l+y) = f(x,y)

= £(0,0)+ [f(oo)+yf (0,0)]

A

o5

(0,0)+3x%y fig (0,0)+3xy f

K ex(0,0)+ 2xy £y (0,0)+ £, (0,0)]

wy (0.0)+ 56y, (0,0)+. |

+{x0+ y.l]+[l—-2—[x2.0+2xy.l +y2(—l)} +%[x3.0 +3x%y.l +3y2x(-l) +y3(2}]+ ......

1 ! 1 1
:y+xy~§y2 +—x2y—-2—xy2+—y2+ ......

2

3

- Q. 4.(b) Find the volume of the greatest rectangular parallelopiped that can be inscribed in the ellipsoid :

x2 y2 zZ

Bl SR |
al b? 2

Ans. An account of symmetry. the required volume is 8 times

the volume of the ellipsaid in the positive octant. The volume OABC

2 2
is the positive octant lies between Z = Cqf——>—— ;2— and the plane
a
xoy and is bound on the sides by the plane x =0,y = 0.
The ellipsoid cuts the plane XOY in the ellipse,

2
%+y~2=l,z=0
a b

- . The region OAB above which the volume OABC lies is
bounded by, x =0,x=aandy = 0;

Hence the required volume is,

N
O
B Y
Yiiamusi 1113
V720 mEBEn A NS
Visnmm e

ab l~x2/a abvi-x /a 2

= 8(]) }[Zdy dx = 8‘(’; {

C
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at 2 2 2
oy 1-x
:8“%}-—2 -=5dydx where b } 5=t
oo Yb° b a

=s}j% 12 - y2 dy dx
00

a

=sjsz__ti:zi

oD 2

+

t2

1
sin'l-yt- dx

0

a v
=‘—‘Ej‘t2 sin”! ld>&=g—7£g'ft2 dx
b b

0

4

0

=2nbc a——) =3nabc,

Part-B

Q. 5. (a) Find the tripl€ integration, the volume in the positive octant by the co-ordinate planes and the

plane x+2y+3z=4.

Ans. The given plane is x+2y+3z=4
x lies fromQto 4 -2y -3z

4-32z
2

y lies from 0 to

2 lies from 0 to 4/3
Required volume is,

4-3z2

4/3.7 4-2y-3z
= [ | Jdxdydz
0 0 0
3432
- J j[x]o Y dydz
0 0
4/3(4-32)12
- . J J'(4—2y—3z)dydz

0 0
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473 (4-32)/2
2
ey j(4Y”y "3)’1)0
0
4/3 2
- — 4 -
_ J[4(4 32)_(4 32) _32( 32)}dz
' 2 2 2
_ . .
_4J/'3 (8‘6Z)_(l6+92 —*2‘42)_122_922 dz
t 1 4 2
_4j3 32-242-16-92° +242-24z+182° |
0 4
l4/3
= - j(922 —24z+l6)dz
4 0
4/3
3 2 3 P
SULY 2 1 3(5) —12(3) +16(i)
4] 3 3 3
1[. 64 12x16 64
=] 3x—— F—
47727 9 3
l[l92—576+576J 192 1 16
_ -_) —_——— T e X — = ——
= : 4 27 27 4 9°

Q. 5. (b) Evaluate by changing the order of integration :

0® -y
J=
£

Ans. Here the Integration is first w.r.t. y along the
vertical strip PQ under the limits y =xto ¥ =®© such a
strip slides fromx=0to x = .

dydx
y

The common region is shown as,

On changing the order of integrate w.r.t X along the
horizontal strip P, Q', which extends fromx =0tox=y. To
cover the region, we then integrate wrt y fromy = 0 to
y=®,

onan _y ooy ~y
Thus, I!L ~dydx = -”____e dxdy
0x 0o Y

Q
Yll\_ ______ U 7 D
r— ————————— — -
- - 4
I
P ,
———w Q
~ —
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I . . ;)‘ “
- j:./ -dy = {:e———‘l =1 .
0 y -1 J()

Q. 6. (a) Evaluate th inter: ~thy changing into polar-coordinates :

[ [« +y?)dyox.

A ﬂz"Yz
Ans j f (x7' + yz)dxdy

0 0
Put X = rcos0

y =rsind

So. that dxdy = rdodr

n/2a

- I J‘(rz)rdrd()

U]

‘nfln X nl2 r4 L
s f j(r‘)drd”: J[—‘i—} de

00 0

i
Q. 6.(b) Express j x™ (1 -x" )p dx in terms of gamma functions and evaluate
0

ixs(hxs)mdx.

Ans. (f)xm(' """)pd" D

LN _
Let x™ =t. nx"dx = dt
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0
i m+l-n
—(t » (1-9)Pd
0
_lg(m+i-n B(m.n) < Lm0
~nB( . +l,p+l) {-B(m.n)-l___(ln+_n)}
m+1 '
B
" (Eﬁ’—l+p+l)
i0

!
To deduce jx’(l —x3) Putm=5,n=3,p=10 in equation (1)

0

‘o

G

1
————— 5 ———
(i}lﬂou) [13

L1 10 |

1
3|12 T12x11x3

We get,

wIn=|n-1
-
7396

Q.7.(@) If ¥ = xi + yj +2K, prove that div (r"F) =(n+3)r",

Ans. v F=xi+yj+zk
Prove that div r“F)=(n+3)r"
o V(I’nf)
(t(" 28 A0 nffr. 2 a
., l.aﬂ.&wa}r ((xi+ 3 + k)
3 0
= N 7

Q)



Or % -
- (r“ +xnr™! LU ( ¢ ryar' 1< +(r“ +znr" ;_61)
- eX o\ oy oz
ar
We know that, -— =
X T
»_Y
oy ¢
oz
z T
sy ( e i)%{r“ +nyr"! Z) »k(r" +zne™! E)
r r r
x Ny xznr“’z) +(rn + nyzr“_z) +(r" + nr“'zrz)
3"+ nr"'z(x2 +y2 4 zz)
N 3" +nr"—2(r2)
= (34’ . Hence proved.
Q.7.(b) Show that: curl (curlﬁ = grad div.V —Vz).
Ans.
Let V:Vl§+V2]+V3E
P
j k
than. cuer:VxV:ﬁ/Ox aicy ¢loz
vi V2 V3
FEALAN RN S,
oy oz oz & ox oy
i j k
curl (cuer):Vx(VxV): ol éx aloy - 8/ez

0.2 (20_o%) (224
cy oz cz Ox X oy
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- ,
VL, Yy, V5) (@ v.+azv,+azvl
x & oz 2 oy o

- 0 - '
= i (V.V)-V2ziv,
X
=V(V.V)-v?V
= grad (div V) -V2V Hence proveti.
Q8.@IfF= (sz :31)'5 ~ 2xyj - dxk , then evaluate :

jﬂ V.FdV ,whereV is bounded by the planes
x=0,y=0,z=0and 2x+2y+z=4,

Ans. : F= (2x2 - 32)?—2xy}+4xf(
NG 2 0 0
V.F=—[2x* -3z)+ —(-2 ~—(~
6x( X Z)+ay( xy)+az( 4x)

=4x-2x =2x

Jf[v.Fav=T[f2xdxdy dz
v : \'

2 2-x4-2x-2y

=J J J'Zxdzdydx
0 0 0
22-x R

:I J2x[z]3_“x'2ydydz
00

22-x

»*Jf J2x(4—2x—2y)dydx . ]
v 0 For more study material Log on to http:/www.ululu.in/



22-x
=I I[4'x(2~’x)-—4xy}iydx
00

2-x
[4x(2 - Xx)y - 2xy2] dx
0

c'——\N O ey D

[4x(2 x) 2x(2- x)2 }ix = }2:((2 - x)2 dx
0

= 2?(4x ~4x? 4 x3)dx

2
3 .4
=z[zx2_i¥_+i_] _8
3 4 3

Q. 8. (b) Verify divergence theorem for :
F=dxi~ 2y’zi+ 2k

taken over the region bounded by the cylinder :
)L2+yz =4,2=0,2=3.

Ans. ' F=4xi-2y%)+2°k
- - _ 7] , 0 2 0 2
Since d'VF—gx‘(“X)'F—a;(—zy )+—a—z-(z ):4—4y+2z

[[f divFdv = [[f(4 -4y +22)dxdydz

2 Va-x2 3
= j J(4~4y+22)dzdydx
2_ [, 20 7
A
2 \[4—x2 3
=I 4z+yz+z ) dy dx
-2 _fio2 .
2 4—x2
= [(2 —l2y+9 dy dz >
2 [, 2 Y

4-x
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2 b
= j .j.2l dy dx
-2 o2
Since 21y is and odd function
!
[21ydy=0

—-a

2
= j42\j4—x2 dx
=2

2
2 / 2
N 84[(4—x2)”2dx=s4 XV4-x" A X
- 0 2 2
. 0
= 84[2sin" 1] = 84n -

To evaluate the surface integral, divide the closed surface S of the cylinder into 3 parts :

S;: The circular base in the plane z =0
S, The circular top in the plane z = 3

S5: The curved surface of the cylinder given by equation x2 +y? =4.

Ao, ij F.ﬁds:i{ F.ﬁds+£ F.ﬁds+j£jl-‘.ﬁds

On Sy(z=0), we have A =—k, F=4xi-2)%]

So, that F.fi = (4xi - 2y2j).(—lz) =0
_U F.ads=0
Si
On S>(z=3), wehave § — , F=4xi-2y%j+9%k

So that, F.n = (4xi —2y23+9|2).k =9

f [F.fids=[ [9dxdy =9] [dxdy =9 (Area of surface S)
Sy Sy Sy

= 9(7!22) =36n

On S3, ' x2 +y2 =4 For more study material Log on to http:/www.ululu.in/



A vector normal to the surface Sy is given by
V(x2 + yz) =2xi +2y}

2xi + Zyj N 21 + ’Zyj

. s 3
\/:‘X2+4y2 Jax4 -Since x°+y” =4

=

-

s (4xi_zy23+zza).(i'_;‘ﬂ] S22y

Alsoon Sy i.e. x> +y% =4, x=2co0s0, y =2sinB, ds=2d0dz.
To cover the whole surface Sj, z varies from 0 to 3, 9 varies from O to 27 .

2n3
f fF.nds = fj[Z(Z cos0)’ (2sin 9)3]2dzd9
S3 00 -

2n 3 2r
= '[16(0052 9 - sin’ 9) do =48 ‘(cosz 0 - sin? B)dO =487
0 0

2r n /2 1 n B 5 4
Since jc0529d9=2j'c0529d6=4 j' cosz(‘)d9=4><~2—x5=1t‘[sin3 6de =0
0 0 0 0

H F.nds = 0+ 367 +48n = 84n
$ «(2)

The equality of equations (1) and (2) verifies divergence theorem.
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