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B.E.
Third Semester Examination, M ay-2008

MATHEMATICSHII

Note : Attenipt any five questions,
' Part-A

Q. 1. (a) Obtain a Fourier series to represent ¢~ * from x = -x to x = x . Hence derive series for
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Putting the value of ag, a, & b, we get,

;-u_ZSinhan[l _a{ cosx  cos2x )_[ sinx __ 2sin2x | )]

= - Fronre -
n |20 \a241? ale2? a2 417 22422
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. .

7 | 1 1
- =2 5 -3 + PR .
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Q. 1. (b) Obtain a half range cosine series for

kx  for OSxS-;-
f(x)= i
k(1-x) for Estl

and henee find sumn of the series

LI §
Trat e Hever,

Ans. f(x)=kx 0<x<1/2

= k(1-x) 1/2kgx<l
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f(x) may be consider as even function in (~1,1) by extending funiction in (-, 0) in such a way that it
become symmetrical about y-axis.

f(x) = —2——+ Zan co{m:x]

By Euler's formula,

ag =%jf(x) =-:[:[_[kxdx+ ik(l—x)dx]
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2kl 1-1) 2kl

o= (211 =2
. (6)2 2 32"2

kI 2kl °°52"L ,cossxn/l_cosloxa/l

f(X)='I—;'E- 12 32 - 52 T e
Putx=0 _
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f(x )— - [12 tEtE +]
; ERL I .
r 000 et . = —
' [EAECAr 8

Q: 2. (a) Express the function :

(x) = I fo; Ixis 1
0 for |x}>1

as a Fourier integral.

Hence evaluate : Mdl.
A
ot for NSt
fix)= )
Ans. (x) {0 for |x>1

The Fourier integral for.

f(x) = -:;T Tf{t)cosl(t - x)dtd), -
(-

u-gjl A(t-x)dtda “:[ n Ldl_

=%Tsin1(l-x)-sinl(—l-x)dl
0
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-]

=_1_°J?sin1(l—x)+sinl.(l+x)dl=3J»sinlcoslxdl .

o A L3 A

sinA cosAx 1
'(E l dl-znf(x)
—l—ﬂ lx=1
=|2
0 x>t

) Iz ) n
at x = 1 , the function is discontinuous & hence integral has the value E{E "'0] = g

Q. 2. (b) State and prove convolution theorem for Fourier transforms.
Ans, Fourier transform of convolution theorem :

The convolution of two function f{x) & g(x} over the interval (~0,) is defined as,

feg= I:f(u)g(x - u)du = h{x)
Proof : The Fourier transform of convolution of f(x} & g(x) is product of their Fourier transform i.c.,

F(f(x)* g(x)) = F(£(x))- Hg()]

We have,

F{10)* 800} = H [ {odetx-v)u]
- j:[;: f(x)g(x-u)du}a“’-"dx - f(x)[jig(:f-u).ei’“dx]du
= [, 6012, gl - -
= [0 [ % gfe)de | when _—

= [ ™ f(u)du. Fg(t))
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= {7 ) Fal)]

= F[f(x)] g(x)].
Part-B

Q. 3. (a) Define analytic functions. State and prove the C-R equations for an analytic function,

Ans. Analytic function :
Consider a single valued function f{z) in a domain D. The function f(z) is said to be analytic at point 2

= a if there exists a neighbourhood [z —-a] <8 at all points of which (2} exists.

If £*(2) exists at every point of a domain, then we can say that the function is analytic or regular analytic
in the Jomain,

Necessary and sufficient conditions for f(z) fo be- analytic : The necessary and sufficient conditions
for he function .

w = f(2) = u{x,y) +iv(x,y)
To be analytic in a region R, are

NG G . , . )
(i) w “éy" e E; are continuous functions of x and y in the region R.

ou u om_ &
N~
The conditions In (ii) are known as Cauchy-Riemann equations or briefly C-R equations.
Proof : (a) Necessary condition : Let f{z)= u+iv be a single-valued function possessing partial de-
L A L
rivatives 3050 305y @ each point of a region R and satisfying C-R equations.
. N v &
ie, ox Oy and oy
We shall show that f(z) is analytic i.e., f'(z) exists at every point of the region R.
By Taylor's theorem for functions of two variables, we have, on omitting second and higher degree terms
of §x and &y . '

f(z+62) = u(x +8x,y + 8y) + iv(x + &x,y + 8y)
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-[u(x y]+(ax8x+%8y]]+ l[v(x y)+(28x+%ay)]

_ [u(x,)') +iv(x, y)] (_gu; + 1%)8:( +[g +i %]

= f(z)+ [2 + .-g-)ax +{%+1%—}Sy

or flz+82)-1(2) =[—-+|——]E;x+[—g-:—-+:%]ﬁy

, .o |
—+i—|ox+ -a""a 5Y [Using C-R equations)

OV

f(z+52) fz) v
—-é’—‘+l—

82-+0 oz

S

_ du v
Thus £'(2) exists, because pomrwle S
Hence f(2) is analytic.
Q. 3. () If f(z) = u+iv is analytic function, find 1(z) Kif u-v=e(cosy-siny).

Ans. u=v=e"(cosy-siny)

ov .
-5 e*(cosy ~siny) ()]

22 g|@

—-% = ¢*[-siny - cosy]
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——— —— = X -l . .
| B > e*[-siny - cosy] 1))
Subtracting (ii) from (i)

% = e cosy —e* siny +¢* siny +¢* cosy

=2¢" cosy
Adding (i) & (ii)
-%=+2e"siny
- ou .du
, = —— f—
Thus, f‘(z) F lax
and puttingx=z & y=0

f'(z)= (ez cos0 +ie” sin 0)

e

f(z) = [e*dz+c
=e* +c-

Q. 4. (2) Show that L(l +1)dz =0 where C is the boundary of the Square whose vertices are at the
pointsz=0,z=1,z=1+Handz=i

Ans, L (z + l) dz

_I(z+l)dz+ j(z+1)dz+ j‘(z+1)dz +j(z+1)dz

i+l

e 5 L]

i+l i

Gl e e
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=0~=RHS.

P +z+1

Q. 4. (b) Evaluate [, T o7geg 4% Whero Cls the ellipse

dxt+9y?=1.
Aus. We know z=Xx+iy = dz=dx+ixy
First we have to check whether the function is analytic considering,

2 +z+1=(x+iy)’ +(x+iy)+1
= (x.?‘ -3xy2 +x+t)+i(3x2y—y3 +y)

v 2 .2 u BV ov .
Now, x Y Sy X)’,ay y?

i.e. Cauchy Riemann equations are satisfied, hence the above function is analytical.

Cons:dmng 2 ~Tz42= (x-ny) 7(x+|y)+2
=(x -y -7x+2)+s(2xy-7y)

%;2:(-7 ad =2y,—-=—2y X a2x-7

Oy oy
Hence Cauchy's Riemann's equations are satisfied the fnnction is analytic. ’

z3+z+l

Therefom,meﬁmcﬁom ?——7—2- lsanalynceveaywherewnhmandon ax? +9y =1.
. By Cauchy's integral theorem.

ff(z)dz=0

-]


http://studentsuvidha.in/forum

downloaded from http://studentsuvidha.in/

z

Q. 4. (¢) Expand < 5 aboutz= L.
(z—-1
Ans. Let z=1=t OT z=1+1
{t+1}
€ € t
f{z}= =—
( ) tz t2
42 3
=-% l+t+-t-—+—-+
t 23
N RN Y
2t 203 &

Q. 5. (n) Evaluate

. _
J ¢ dz, where C is the unit circle [z= 1. How many poles the function
¢ CcoSRZ COSNZ

ez

cosnz

Ans. f(z) = has simple poles at

1
Of which only z= :t“i lies inside the circle |Z4=1.

1
Residue of f(z) at z=gis
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2-2 )2
:ig(z‘%]f&) = lim [_I)e

Form 2|
0

! cosnz
Z—)z
1
(z-— E]ez +et
= lim~—=2 :
|~ —xsinnz (By L Hospital nile)
-
2
_ cl:‘Z
—7

- - L 71
Similarly, residue of f(z} at z= 3 o

. By residue theorem,

) _
J‘ & 3z=2xi (sum of residues)
¢ COSTmZ
V2 -2 vz _ -2
- 21ri[—-9-——+ ¢ ]= -4i[°—e—-]
R n 2

=—4isinhl_
2

xz

Q. 5. (b) Evaluate _[: 5 ldx by residues.
x°+

Ans. Now let, x3 =X
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are obtained by solving

1
The poles of the ¢{z) ="
P __ #2) X2 +)

Z+1=0
N 'z=(--l)"2 =(cosu+isin1:)"2

= [oos(an +%)+isin{2nn + 1:)]”2

z= [co{ 2“; I]n + isin(——zn; ’)n] By De Moivre's theorem

Wheren=0,1,2
L.,
n=g, z=0081tf2+18m5'=1
. . I
n=1, 2=oos31r!2+1sm7= -1
n=2 Z-Oos-5£+isin-s-£—i
] 2 2

Reduce of ¢(2) at ,oin/2 is

_eiti2 k
lim .(i..f_._l... fim J__1
zoe®2 224l o, w222 geinl2
l _:
=—g %2
2

Residue at z=¢3%2 jg % o Jinf2

Residue at z=&%M2 jg _;_e-Si:u': _

l—._'s
R =
)

Nl—
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= —27i [Sum of residues in the upper half of s plane)

Part-C

Q. 6. (a) In a bolt factory, machines A, B and C manufacture 25%, 35% and 408 of the total
output. Of their output 5%, 4% and 2% are defective bolts. A bolt is drawn at random from the prod-
uct and is found to be defective. What are the probabilities that it was manufactured by the machines A,
BorC?

Anms. Let Ej, E; & E;3 denote the events that a bolt is selected from machine A, B & C respectively.

40
-« - Ex)=—
P(E)) =15 P(B2)= ;oo’ 37100
5
=—_ PD/E D/E "-—
P(D/Ey} lOO’P( 2)= IOO’P( 3}
By Baye's theorem,
25 o 5
E,)P(D/E T00 X 100
P(D/E,) = P( )P(D/Ey) _ 100 " 100

'Exi.'.é.s_x_i—.'.io.x 2 )
ZP(Es)P(DfBi) 100 100 160" 100" 100" (10p)?

= —e—r—————— L . A m——

125+140+80 345 69

35, 4
E,)_ ME)P(D/Ep)} _ 100 100
40 80

3 125
2FEIPO/ED Ton? ™ 1007 (oo
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40 2

E;)_ P(E;)M(D/E;) _ 100 100

D)2 25 5 .3 4,40 2

%P(E‘)P(DIE') (100)°  (100)> (100)? . 100 100 100
1=

30 80 16

1254140480 345 69
Q. 6. (b) A function is defined as under : '

1
f(x)=-l:', X)Sx<x;

=0  otherwise,

Find the cumulative distribution of the variable x when k satisfies the requirement for f(x)tobe a
density function.

1
Ans. f(x)=~l-(~, X{ £X <Xy

= 0, else where

.+ f(x) is an density function.

= k=x2—x;

. Cumulative distribution function,

Fx})=0 if x<x

dx

Sy, 2

X
k

Fad

X=X .
Xa - %1 sif xp Sx<xy

=tif x2x;.
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Q. 7. (a) In a lot of 500 solenoids 25 are defective, find the probability of 0, 1, 2, 3, defective
solenoids in a random samp_le of 28 solenoids.

Ans. The probability of solenoid to be defective
25 1

500 20
The probability of 0 defective

0 20
=20 co(—l—] (l?-) = 03585
20) (20

The probability of 1 defective

i, 19
el cl(.-‘-) (ﬁ] =03774
20 \20) -

The probability of 2 defective -

2 13
20 I 19)
2ol {1 =01887
2(20] (20

The probability of 3 defective

3 17
20 1 19)
=Pel11=2) =0059
3(20) (20

The probability of r™ defective

e
8l20) . \20
wherer=0, 1,2, 3.

Q. 7. (b} Fit a Poisson distribution to the set of observations :

b & 0 1 2 3 4
f: 122 60 15 2 1
Ans. Mean = Zfix; _ 60+36+6+4 =05

If, 200

- Mean of Poisson diswibution ie., = 0.5

Hence the theoretical frequency for r success is
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R PN SN 0570 g\t ]
e ‘““-} = 200e '(0") wherer=0,1,2,3. 4
r! r!

. The theoretical frequencies are,
X: 0 ] 2 3 4
P TR TR 2 0 (ve” =061)
Q. 8. (2) Using Simplex method :
Maximize Z =3x; ~2x5 +4x;
subject to :
¥p+2xp4x3<8
I -xp+x322
4%y - 2x3 ~ Ix3 = —6;
Xp,X2 20,
Ans. Max. z=3x| +2x; +4x;
Subjectto x; +2x; +X3<8; 2x; ~xp +X322
4x; ~2x%3 ~3x3=-6; X;,x3 20
Step ; The first constraint involves <. We introduce only a slack variable s; thereby getting
X] +2X3 +X3+5, =.8 | -

The 2nd constraint is greater than type. We introduce a surplus variable s, and artificial variable A,
thereby getting ' '
2% =Xy +X3—-S3+A ;=2
The 3rd constrain is strict equality and requires neither a stack variable or surplus variable. We add only
an artificial variable A, these by getiing and multiplying by (~1) we get '
—dx] +2X2 '-3X3 +A2 =6
». The standard form of LPP probfem becomes,

Max., Z=35~2x; +4x3+0s; +0s3 + MA| + MA;
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X +2%y £X3451 =8
2X)—Xg +X3~S+A =2
—~4X) +2X3 ~3X3+A3 =6
Where Xy,%5,X3, 84,83, Aj,As 20 and M is a large positive number.

Step 2 : Since we have 3 equations in 7 variable, a solution is obtained by setting 7 -3=4 variables
equal to zero and solve for remaining variabies.

Now an initial basic feasible solution can be obtained by xy = X3 = X3 = sy = 0. Therefore the initial

basic feasible solution is,

5;=8,A;=2, Ay =6

and Z=2M+6M =8M
Therefore the initial basic solution is tabulated as :
Simplex table I :
Cg Basic of 3 -2 4 0 0 M N Ratio
Solution X X> X3 8 5 - Al Az Xp { Xy

b(=xp)

8
0 5 8 i 2 1 P00 0 =8
. 2
M A, 2 2 -1 1 ¢ -1 0 5=}
6
M A, 6 -4 2 -3 0 0 0 1 3737
Z=8M Z; M M 24 ¢ -M M M
¢;=¢;~2; 32M -2-M 2 MT  4+2M0 M 0 0

Some entries in the Cj row being —ve the current solutien is not optimal.

Step 3 : Largest negative entry in given is —2 — M which lies in x5 column. Therefore the inconting

variable is X . The ratio —2/3 is minimum in A, row the outgoing basic variable is A, .Key element is 2. (In
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further simplex table we will not compute A, column) Now key row is

2 x; 3 =2 1 32 0.

Transfonngtion of R, key column entry in R, is 2
Ry(new) = k,(old)—ZR;(ncw}
8§-2(3)=2
1-2(-2)=5

2-2(1)=0

1-2[--3-)=4
2
1-2(0) = |
0-2(0)=0
0-2(0)=0
Transformation of R, key column entry in Ry is(-1)
| Ra(new) = R;{old) + R3(new)
=2+3=5
2-2=0
~1+1=0
1-3/2=-1/2
0+0=0

~1+0=0

. "140=0
New simplex table is given as,
Simplex Table 11

0 0

Cg Basis C;— 3 -2 4 0 0 -

solution X X3 X3 8 8y

M Ratio

A] XBfK:;,
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0 N 2 5 0 4 1 0 0 12
. ' i ‘
M Aq 5 0 0 -3 0 0 0 -10—
3
2 X2 3 -2 l o) 0 0 0 -2
M
Z=6+5M _ Zy 4 2 -3~ > 0 0 0
T

Some entries in C; row being negative the current solution is not optimal.

Step 4 : Largest negative entry in C; row -3-M/2 which lies in x3-column, Therefore the incoming
variable is x3. Theratio (—10) is minimum inthe A row, therefore the outgoing variable is A . Key constant

kY

is -% . New key row,
4 xy -16 0 0 1 0 0 0
Transformation of R;.Key column entry in R, is 4
Rifaew) = Rigoia) ~4Ra(new)
2-4(-16) =66
5-4(0)=
0-4(0)=0
._4—«n=0
1-4(0)=1
0-4(0)=0

0-4(0)=0

Transformation of R Key cobumn entry in R is [-%)
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3
Rs(m“f} = RS(Old) *i'E' RZ(M)

3
3+=(-16) = -21
+2(-16)
3
—27-2-(0)=—2
3
1+=(0) =1
5

0

fi

303
-2+l

The new simplex table is given as,

Simplex table 111 :
Cg Basic G, 3 -2 4 0 0 M . N  Rato
Selution X} X3 X3 51 S2 Ay Ay xg/Xxy
b(=xp) |
0 §1 66 5 0 ] 1 0 0
4 X3 -16 0 0 ! 0 0 0
2 X3 21 -2 1 0 0 0 o
z=-106 zZj -4 2 4 0 0 0
Cj=¢;—2; -1 —4 0 0 0 0
1

Contining in this way we find the optimal solution.
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