B.TECH. . FECS303
THIRD SEMESER EXAIVINAION 2009-10

DISCRETE MATHEMATICAL STRUCTURE

Time : 3 Hours Total Marks : 100
Note: (i) Answer all questions, L : '
(ii) All questions carry equal marks.

Q.1. (a) Let A be set with 10 distinct elements. Determine the followmg

@ON umber of different bmary relations on set A.
Ans.'’C,
@) Number of dnﬂ'erent symmetric bmary relations on A.
- Ans, 5
(b) Suppose S and T are2 sets and fis a functions from S to T. Let R1 be equlvalence relatlon onT
. Let R2 be a binary relation on S such that (x,y) € R2if and only lf(l'(x) J(y)) € R1. Show that R2 i is
also equivalence relation? .
Ans. R2 is equivalence relation on S as it satisfies 3 propemes.
1. (a,a) € R2 forall ag S(reflexive) as (f{a),f{a)) e R1.
2. (a,b) € R2 implies (b,a) € R2 (symmetric) as (f{a),{b)) and (f(b),t(a)) eR1l ,
3. (ab) and (b,c) € R2 implies (a,c) € R2 (transitive) as (f{a),f(b)) and (f{b), f{c)) € R 1mplxes

(fa),f(c)) e R1.
© Prove that union of 2 countably infinite set is countably infinite.
Ans, Consider the setsA; = {a,,,azl,a:,,, =123, :
EachA,;,i=1,2.34,,..cccueocee is countable. The K“‘ element of A is a;. The elements of the -
countable union U A; of the set Ay’scanbe listedasa,,, 3y, 33, 8y, 33, a”, Bypyesennned (the order has
been taken accordmgto thesumi+j=kfork=2,3,....... , 1, being the suffices of the element 8;8A;

). The 1-1 correspondence between the elements of U A and the set of positive integers is gnven by
a“(—>l a,za-)z 8,,63,3,;604,3,635,a, (—)6 18607, a23(—-)8 -

(d) Composition of functions is commutative. Prove the statement or give counter exnmple.

n Ans. It is not commutative let f:R->R and g:R-> R and f{x) = x + 2 forall x € R and g(x) =x? for all
xeR : ,
The (gof)(x)= g(t(x)) g(x+2) =(x+2)*=x? +4x+4
And (fog)(x)=Rg(x))=fix}) =x?+2

. Therefore gof'! = fog since (gof)}(1) =g(f{1))=g(1 +2)= g(3) 32 Qwhnle (fog)(1) = flg(1))=f(1?)
=fI)=1+2=3 -

(e) Prove that fnr any integer n>1.

1 1 11 ” :
b = > _
Jil \/5 \[3- 'Jl'_? e ' ’ i
Ans. 1+ JT+1+ 2414 T+, sien>dn | ”
1. [Inductive Base: forn=1, 1/1=1 ' ‘
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- 2. Inductive Hypothesis : We assume that the statement is true forn =k

i 1 VI 41424143+ ot 1+E > E -

o3 JInductive step: To prove statement istrueforn=k+1

K+1+k+1> vk +1
Hence proved. .

() What do you understand by asymptoue behaviour ofa numerlc function ? Explain Blg-oh and Big-
Omega notation. : .
Ans. Asymptottc notation are those wluch grow as the varable grows. :

“« Big-oh :Letfand g be functions from the set of integers or the set of real numbers to the set of real
numbers. Then foforderg wntien as f{x) 5 O (g(x)) , if there is a constant C and K such that [ﬁx)]<=

Clg(x)] whenever x>k

~ Big-Omega : Let fand g be functions from the set of i integers or the set of real numbers to the set
of real numbers. Then f of order g written as f{x) is O (g(x)) , if there is a constant C ahd K such that

L)

[fx)P>=Clg(x)] whenever x>k ‘ . :
' Q.2.Attemptany TWO parts: ' (10x2=20)
(a) Define group . Prove that if every elementofagroup G is its own inverse thenG isanabelian
‘group.

Ans. Let (G*)be an algebraic structure where * is a binary operation,, then (G*) is called a group
“ under this operation if the followmg conditions are satisfied
1. Closure law: The binary * is closed operation i.e. a*b e Gforallabe G .
2. Associative Law: The binary operation * 1s an assgciative operat:on ie. a"‘(b'e) = (a*b)*c for
allabceG
3. ldentity Law : There: exxstan identity element i.e. for some e 55, e*a=a*e,a € G.
4. Inverse Law :Foreachae G, there exist an element a’ (the inverse of'a) in G such
thata* a’ =2’ *a=e,
Let there be agroup G, suc thataa™ belong to G ande be an 1denttty element e belongs to G then
we have the following property ‘ .
' aa” =e ‘ A o)
Now, (@)~ -a7! =e=aa"! ~Hrom €q. (l) S
= @")! "aﬁ'om righthand cancellation law.
So the Group is Abelian Group
(b) (i) Prove the following or give counter example:
If (H,, *) and (H,, *) are both subgroups of the group (G, *) then (H,"H,, l') isalsoa
subgroup of (G *) - .
(ii) Stateand prove Lagrange theorem. '
Ans, Let H be the subgroup of G with order n
LetGis the group of order m :
ifaeH .
LetH,, isthe right coset of H
Since G is a finite group therefore no. of right closed with also be finite.
LetitbeK . ;
~(Q)=H,)wHy)VH U (Hak)
m=n+n+... +ktimes .
m=nk
k=m/n . 7 o
Proved. ' ‘ ’ e
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(c) (i) Define and explain the following with suitable example.
(a) Cyclic group -
(b) Zero divisor of a ring
(c) Orderof an element of a group -
(d)Field - | |
Ans. (a) Cyclic group: AGroup G is called cyclic group if for some a € G every element of G is of
the form a" where n is some integer. The element a is then called generator of G.
(b) Zero Divisor of Ring: Ifab=0 for all ab element of R where aand b are divisor ofzero. -
(c) Order of an element of group: n is order of an element of a group G if n is the minimum power
of that element s.t.
a"=e o
(d) Field: A ring containing at list 2 elements is called a field if it
(i) is commutative : '
(ii) has unity
(iii) is such that every non-zero element has multlphcatlve inverseinR.
(i) If G is a group of order n then order of any element a € G is a factor of n . Prove.
(i) M G isagroup of order n then order of any element a € G is a factor of n. Prove. °
Ans.aeG
“order ofaisn
- therefore a" =e. _— ‘ ‘ \
Clearlyaisa factor ofn. ~ o

QJI.Attempt any'l ‘WO parts: (1oxz-20)
(a) (i) Define a relation Ron theset Z of all integers by m Rnifand only if m? = n% Determine whether
Ris a partial order or not? '

Ans.mRn

= m?=n?then

Reflexive: mRm = m?=m?
Antisymmetric : mRn and nRm = mz-n2 or n2 = m2
Transitive: mRn and nRp => m*=n®and n*=p? = m?=p?
(i) Let (A,<=) and (B,<=) be 2 posets. Prove that (AxB,<=) is a poset , where (a,b) <-(c,d) ifand only .
ifa<=c,b<nd -
Ans, lf(a,b) e Ax B, then (I)(a,b)<=(c d)sincea<=c¢ mAandb &din B
Hence, &is reﬂexlve inAxB F
(2) For (a,b) <= (c,d) and (c,d) <= (a,b) whereaandc € Aand b and deB,wehavea<=candc<=
ainaimpliesa=c¢ . .
And b <= d and d <= b implies b=d
Since A and B are posets.
Hence <=is antisymmetric in AxB
(3) For (a,b) <= (c,d) and (c,d) <= (e,f) wherea, c,e € Aand b, d feB, wehaveac:candc e
- inAimpliesa<¢=e
Andb<=dandd ¢=fimpliesb<=d
Since A and B are posets.
~ Hence <=is transitive in AXB )
(fity Draw the Hasse diagram of (4, <) where _.
A1{3,4,12,24,48,72}) ,
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and the relatnon < be such that asb if a divides b.
Ans,

3 12 4

Q3.(b) () Deﬁne distributive lattice and complemented lattice. Prove that ina dstnbutive httlee,
if'an element has a complement then this complement is umque
Ans. (i) Distributive Lattice

Av(BAC)=(AvB)A(AvC)

AA(BVCO)=(AAB)V(AAC)

Ans. Complement Lattice

AVvA=A

AAA=0 '

Leta’and a” be 2 complement then : . o

AvA=A AvA’=a ' T , . ‘ 7

AAA=0 AAA"=0 ' '

Therefore a’=a”

(ii) Let E(x;, X53 x3) = (% v %) v (%] A X3) bea boolean expression over the two valued boolean
algebra. Write E(x,, X,, X;) in disjunctive normal form.
Ans. = (X, V)" M(X,” Xy ¢
=X, vX)M(X; ¥Xy)
=(Xy VX VX3) N (X) VX, VX3) M (X[ VX)) VX3)
Q.3.(c) Simplify boolean function F given by F(A,B,C,D)= 2(0, 2, 7,8,10, 15) using K-map.
Ans.B'D+ABD ,
Q.4. Attempt any TWO parts: o ‘ (lox2=20)
Q.4.(a) () Given that the value of p > g is false, determine the value of (P v @) — ¢.
(i) Find a formula 4 that uses the variable p, g and rsuch that 4 is a contradiction.

(iif) Write an equivalent formula for pA(g&>r)v (r & p) which neither contains
biconditional nor conditional connectives,

(iv) The contrapositive of astatement S is given as “Ifx <2 thenx + 4 <6”. Write the statement
Sand its converse.

Ams. (i).
p Q P=>q P q P'Vq | (pvg)>g
T T T F F F T
T F F F T T F
F T T T F T T
F F T T T T F
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‘From the 2™ row we can see that when p=>q is false, (p’vq )=>q is false
(]

| Q r Pa | pYY r | (@9

T T T T T F F

T T F T F T F

T F - T ' F F F F

T F F F F - T F

F T T F F F F

F T F F F T F

F . F . T - F F F F‘

F F F F F T F o

As all the entries £ "he last column are false, therefore it is a contradiction.

@) pN<=>rv(r<=>p) = p((~qVI) -TV)V(-rvpYX-pVD))
=p (g~ D)~V P))) -

(iv) Statement : If x+4=6thenx=2.

Converse : Ifx=2thenx+4=6. \
Q.4.(b) (/) Prove that (p v ¢) = (p A g) is logically equivalent to p < ¢.

~ (i) Translate the following sentences is quantified expressions of predicate logic.
(a) all students need ifnancial aid. . -
(6) Some Students need fi nancml aid.

Ans.. (i)
p Q pvq . P9 | @@ | péy
T T T T T 1 T
T F T F F | F
F T T F . F ‘F
F F F F T T

Since all the entries in the last two columns are identical, therefore they are logically equivalent.
(ii)Sisa set of all students. -
P(x) denote “x need financial help”.
" (a) (ix * S)P(x) (¥x * S)P(x)
Q.4.(c) () Show that following are not equivalent:
@) Vx (Px) > O(x))and ¥ x (P(x) > ¥ xQ(x))
. (b) ¥ x 3y P(x,y) and 3y V x P(x, )
(if) Show thatr—»~gq,r Qs, § = ~q,p—» ¢ & ~p are inconsistent.
Ans. (i) () The first one says that for a particular element ¢, if P(c) then Q(c). But the second one

says that for a particular element ¢, if P(c) then Q(a), Q(b), Q(c), and so on. Therefore , both are not
equlvalent ’
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(b) The first one says that for all x, there. exits some y, such that, P(x,y) But the second one says
that there exists some y for which , for all x, P(x,y). .

(i)
p q r s r=-q Ivs s=>~q | p=qSp
T T T | T F T F T
T | T T F. _F. T T ‘F
T. T | F T T T F T
T T F F T F T F
T | F T | T T T T T
T | F T | F. T T T F
T |F | F T T T T T
T F F F T F T . F
F | T T T . F. T F .] F
F [T T | F F - T T | F
F T F . T. T T . - F 'F
F |.T F F T _F. T F
F F T. T T T. T F
F | F T | F T T T T
F | F F T. " F T T T T-
F | F F F F F T T

The last four columns are mconsrstent o R .
Q.5. Answerany TWO parts: ‘ » ' ' (lOXZ-ZO)
5. (8) (/) Find the simple expression for the generating function of following discrete aumeric
function : . T

311, ey
3927 3"

’

(i) Solve the recu rrence relation
: a,—Ga,_ +8a,;2=r'4"

givena, = -8, a,=22. v -

Aaus. (i) From the series we see a pattem and conclude that the genédrating function is of the type
T/GM-1). : S,

(ii) Let a(r)=n"r be a solution of the associated homogeneous recurrence relation -
a(r)~6-a(r—1)+8.a(r-2)=0
The characteristic equation is
n"2-6n+8=0 |
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n"2-4n+-2n+8=0
(n-’2)(n'-4)=o‘ R , ,
n=24 . S o » )
Solution of assocxated homogeneous recurrence relatxon is ‘
an=Cl12)'r+ (:2(4)"r '
Q.S.(b) () Find the number of integer solutlons of the equatlon
X, +x;+ %, +x4+xg=30
wherex, 22, x,23,x;24, X422, xszo
(i) Given the in order and post order traversal of a tree T
" Inorder: BEHFACDGI :
Postorder: HFEABIGDC
. Determine the tree T ad its pre order. : \
(b) (i) Putx, =2 a,x,=3+b,x;=4+c,x,=2+d,x;= 0+e"Ihegwenequatlona+b+c+d+e
= 19 and we seek ir:.un-negative integers a,b,c,d,e. The number of solutnons is therefore, C(19+5-
1,19)=C(23, 19)=C(23 4)=8855.

@

Preorder: CBAEFHDGI
(c) () Prove that for any connected planar graph,
. ' V—e+r=2:- . .
where v, e, rare the number of vertices, edges and regions of the graph respectively.
' Ans. (§) We prove the theorem by induction on € no. of edges.
Basis of inductlpn. If e=0, then graph must have 1 vertex, i.e. v=1 and 1 infinite reg'idn, i.e. x%l. .
Then v-e+r=1-0+1=2. If e=1, then the no. of vertices is either1 or 2. The first possibility of occurring

when edge is a loop. In case of loop v-e+r=1-1+2=2 and in case of non-loop, v-g+r=2-1+1=2, Hence,
the result is true. :

lnduction Hypotheﬂs Suppose that the result is true for any connected graph G with e-l edges

Download All Btech Stuff From StudentSuvidha.com


http://studentsuvidha.com/
http://studentsuvidha.com/

Induction Step: We add 1 new edgektoGto form a connected super graph of G, wl'nch is denoted
by.G+k. There are following 3 cases: .

(i) k is a loop, so vertices remains unchanged.

(ii) k joins 2-vertices of G, so that no. of regions is increased by 1.

(iii) k is incident with only 1 vertex, so another vertex must be added.

If let v’,¢’ and r’ denote the vertices, edges and regions in G and v,e andr denote the same in
G+k, then in case
 ()v-etr=v'—(@+1)+{ +1)=vV e +r

(i) v-—e.+‘r‘== v —(e’'+ l)+(1""+ =v-e+r

(iiyjv—e+r=(v+1)-(’+1)+r=v -’ +r

But by our induction hypothesis, v’ — &’ + 1’ =2’ hence in each case; v— e + r = 2. Hence, proved.

(i) Define and explain the followmg’ ‘ .
(a) Bipartite graph\
) Chromaucrnumber of a graph
(c) Binary search tree
{d) Adjacency matrix of a graph.

Ans. (a) Bipartite Graph: A graph G = (V, E) is bipartite if vertex at V can be pamtloned into 2

subsets V, and V, such that every edge in E connects a vertex'in V, and a vertex V2 so that no edge
inG connects elther2 vertices in V, or V,. -

' (b) Chromatic Number: Chromatic number ofa graph Gis the minimum numbet of colors to colour

the vertices of graph G and is denoted by x(G). A graph G is n-colorable if x(G)<=n. '

(c) Binary Search Tree : A binary search tree is a binary tree in which the data are associated with the
yertices. The data are arranged so that, for each vertex V, each data item in the left sub tree of V is less than
the data item in V and each data item in the right sub tree of V is greater than the data itemin V. .

(d) Adj acency Matrix: The adjacency matrix of a graph G with n vertices isa n*n matrix A= {a“},
whose elements are given by, -

A. = |, if there is path between the two vertices

A = (), if there is no path.
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