B.TECH. EAS-103
FIRST SEMESTER THEORY 2010-11

MATHEMATICS-I

Time: 3 Hours : Total Marks: 100

Note: (0. No. I is compulsory and carries 5 marks. Attempt one question from each unit, symbols have their
usual meaning. :

.SECTION A
-Q. 1Al parté of this question are compulsory: . . of 2 Of )
@ x 10 = 20) Justification: 35 —2xy ,5;— -2x%y
) =rl2 3 0 :
@1fu=f (;) then 20 L Ly gives ¥) = (0, 0), which is
. ox Oy
Ou ou : | stationary point.
x _(3;+ y'a; T , (d) (i) The minimum value of £ (x, y) =x2 + s
Ans: 0 zero. (True/False)
Justification: » is a homogeneous function of (ii) M u, v are functions of r, s are themselves
degree 0, . S(u,v) _ Ou,v) ox,y)
function of x, y then = % .
. By Euler’s theorem, , Y o(x,y) or,s) d(r,s)
. (True/False)
u ou / '
x—+ty—=0u=0 Ans: (d) (i) True (ii) False.
ox oy

Pick the correct answer of the choices given below:

111
(e) The eigen values of | | ! 1] are

Justification: Replacing x by —x eqn remains I
unchanged, therefore curve is symmetrical about y @0,0,0 (b)0,0,1(0)0,0,3()1, 1,1
axis. Replacing y by~ y eqn remains unchanged, Ans: () (¢) 0,0, 3
therefore curve is symmetrical about x axis.

(b) The curve x** + ym‘ =g*?
is symmetrical about.......

Ans: Both x axis and. y axis

Justification: For eigen values |4~ A /{=0

Indicate True or False of the following statements: -% 1 i

(c¢) (i) Two functions u and v are functionally
dependent if their Jacobian with respect to.x and y

is zero. (True/False) - o1 1=
(i) Mf(x,p)=1-x%7, then stationary point is 3-n 1 1
0,0). (Truc/False) = hox 1ox 1 1=0

Ans: (¢) (i) True (ii) True ' A 1 12
Applying C; = C, + C, + C4
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(. 1

= @G-t 1-12 1 {=0
1 1 1-A

=A@3B-2)=0

=21=0,0,3

1t 1
(1) The rank of the matrix | 1 -1 0lis
| S T
@0 1(c)2(d)3
Ans: (D (c)2

Justification: Giver matrix= {} ~1 . 0

(I
0 2 -1{ByR,—>R,~R,
0 0 0 Ry - Ry - R,

.. Rank = No. of non zero rows in echelon form

=2
B(m+Ln) | ,
@ Ty is equal to
m+1 m-1 m
(a)—-(b) (©) - (d)m+n
Aus: (g)(d) )4 |
[m+iln
i gi, Pm+1n) |m+n+l
Justitication: __—-ﬁ(m,n) E_ITL
|m+n
~ Bln, m) = W[ﬂ
’ [—-——'—,
=‘m+1|7tm+n_ minln|m+n
;’HF'“HMI r—r(m+n)[m+n
as [rel= r[— = n'

. 2
(h) The value of the integral f e X dxis

2 Jr n 2
(a). T (b) > (c) 3 (] "
Jr

Ans. (b) —
s, () =%

Fill up the blanks with the correct answer:

(i) The Gauss divergence theorem relates certain
surface integrals to—— :
(volume integrals/line integrals)
Ans: Volume integrals

G) The vector field F = xi — yj is divergence
free———-—n
(but not irrotational/and irrotational)
Ans: and irrotational.

ik
- o o o
Justification: Vx F =|— — —[=0
ustification: V x > ¥ &
x -y 0
= F is irrotational.
SECTION B
Q. 2. Attempt any three parts of the following:
(10 x3=30)
(a) 1y =sin (a sin™! x). Find (y, )o
Ans. - y=sin(a sinly) )
Q == in”
= » cos (a sin”' x) =
=S = 2 cos(asin™'x) @

= i-x2 ¥, = a cos (a sin"'x)
= (- x2)ﬁ = & cos? (a sin"'x)
= @[ - sin? (a sin™! x)]

= (1-x")y} =@ [(15] [ y=sin (asin™'x)]
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Differentiating it again, we get,

(=) 2y, - 2097 = @ (2)

=(1 -2y, -xp,+ay=0 ..(3)
Differentiating above expression n times by

Case 11. When »n is odd

Putting n = 1, (5) gives, , (0) = (12~ a®) y, (0)
=>y,0)=(12-daly (0)=a

Putting n =3, (5) gives, y; (0) = (32~ @) y; (0)

Leibnitz’s theorem, we get,
(1= y, 1+ "Ci(=2xW,, . | + "Cy 2) 3]
~[xp,. +nC )y, ) +ay,=0

2y 0)=(1"-a) (3 -d)a

Putting n = 5, (5) gives, ¥, (0) = (5* - &®) y5 (0)

=y, 0=~ -ND (S -da

=y, 0=~ (3~ ) (5*-d%)
-2 -dla

n(nz-— )] -2,

= (1), , + 1 (=29 y,, , +

~X, . —n ()Y +dy,=0 if 1 is odd
”("‘1)] 0if nis even
, 2 Thus, y, (0)= { (13 ~a>)(32 - a?)...[(n~2)* - a*]a
:(l—r)yn+_2—(2n‘+ Dxyy. ‘ifnisoddand n #1
+(az-—nz+n—n)y"=0 '
:>(I—xz)y,,+2—(2n+1)xy"+,- :
| +(@-m)y,=0 (4
Putting x =0 in (1),
y(0)=sin(asin™ 0)=0
Putting x =0 in (2),

['.' "Cl = n.”C2 =

LR i

(b) If u, v, w are the roots of the equation.
(x-ay (x- b’ +(x-c)* =0,

. ) ; o(u,v,w)
7O= S cos asin! 0 then find b0
- y' (0)=a cos 0 Ans: Given equation is
I g
= »@=a[. . cos0=1] (x—q)3+(x—b)3+(x—c)3=0 ~()
" Now,

Putting x =0 in (3),

(1-0%)y,(0) -0y, (0)+a*y (0)=0 (x-ay =x - & -3+ 3xa’

¥+ (0) + &? (0) =0 [, 340)=0] [ (a-bP =a - b - 3Pb + 3ab?]
= y,(0)=0 >@-a) =2 3a’ +3dx- &
Thus, ) ~ Similarly,

(x-bP=x-362+300x- b

(x—c)3=x3—3¢:x2+3c’2x—vc3

Putting these values in (1), we get,

X -3l +3 x -+ -3 + 302 x - b

+X -3 +3x -2 =0

233 -3(@+b+) P +3(@+HP+H)x
@+ +A=0 2)

Now, we know that if o, B and y are the roots of

eqnax’+bx2+cx+d=0,then

y0)=aandy, (0)=0
Again, putting x = 0 in (4), we get,
(1-0%y,,,©0)-Q2n+ 1) (0) +(a - )y, (0)=0

=Y O =P -y, ® .0

Now, two cases arise.

Case I: When n is even

Putting = 2, (5) gives y, (0) = (2% - @°) y, (0)
=0 »,(00=0]

Putting 1 = 4, (5) gives y, (0) = (42 - a°) y, (0)
=0[... y,(0)=0]

Putting n = 6, (5) gives, y; (0) = 6> -a) Y (0)

=0 DHIGhd All Btech Stuff From StudentSuwdha com
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~=b
a+B+y=—a—

c
ap + Py +ya=—
d
apy=-—
Here,a=u, B=v,y=w
Therefore, ,
3a+b+0)
u+v+w=—~—t;——

Su+v+w=ag+b+c
S>ut+v+w—a-b-c=0
Also,

3(a® + b6 +c?)
uv+ vw + wu = B
Suwtvywrwu=a +b+
= uv + v+ wu - a* — b2 — & =0
Similarly,
@+ +¢%)

3

(@®+62+ %)
‘ 3
From (3), (4) and (5)
Letfi=u+v+w-a-b-c

fz=uv+vw+wu—a2—bz-—C‘2

= uvw =

= uvw — 0

fy=uww = -;-(a3+bq+c3)

We know that,

V%))
o(u,v,w) ~ @1y d(a, b, c)
d(a,b,c) M 1o, f3)
o(u,v,w)
Now,

Mitofs) |9 o O
d(a,b,c) Oa oOb Oc

1 1_1

"‘(3) = (—l )(—2)(—]) a \ b c
' 2 b3
Taking -1 from R;,
=R from R, and
~from R; common
-.(4) " 0 0

=-2la b-a c—-a [
2

2 2

ByC2"') CZ-C]]
a b -a* *-a

and C3 - C3 "C]

1 0 0

.(3) =~21a b-a . ¢~a

@ (b-aXb+a) (c-aXc+a)

1 0 0
=-2(b~-a)(c-a)la 1 i

a®> b+a c+a

Taking (b — @) from C, and (C-a) From C,
common
=-2(-a)(c-a)(c+ta-b-a)

.{6) =-20b-a(c-a(-b

=—2(a-bd-c)(c-a)

- o, 2. f3) _
- S(ahc)

Now,

-2(a-b)y(b-0c{c-a)
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% N A
ou ov ow
Wb | % o)
HNu,v,w) {0u odv Oow
% % Y
ou ov ow

I 1 1

=|lv+w v+Ww u+v

W ouw  uv

1 0 0
=lv+éw u~-v U—W

W, w(u—v)/ v(u—w)

by c, > ¢y~

3> c3—¢
f 0 0
It

woow v

=(u-vVI(u-wv+w

Takihg (u— v) from c, and (v — w) from c,
common

=(u—v)(u—w)(v—-w) :

NS fs)

= X vow) Nu,v,w)

0 S2: 1) g

(- (v-w)(w-v)

OS2 S3): .

Putting a.bo) (v, w) in (6),
we get, _
o(u,v,w) -1y 2Aa-bXb—c)c—-a)
&(a,b,c) h ~(u—vlv-wxw-u)
ou,v,w)> . 2(a-b}b-c)c-a)
= HNa.b,c) S (@ -v)v-wXw~u) Ans.

(c) Find the ¢igen values and eigen vectors of
the matrix ‘ .
8§ 6 2
A=|6 7 -4
2 4 3

Ans. Given matrix 4 = |-6 7 -4

3

characteristic equation of A is
4-Al=0
8-» 6 2
=>| 6 T-A -4 |=0
2 4 3-)
=@-MNT-M)G-A)-16]+6{-6(3—1)+8]
+2[24-2(7-0)]=0
=(8-A)[21 - TA=3A +A*— 16] + 6 [-18 + 64 + 8]
+2[24-14+2)]=0
= (8- Axx2—|ox+5)+6(6x |o)+2(2x+w)

=0

= 802 80\ +40 — A3+ 1002 - 50+ 36 A - 60
+4X+20=0

=-23+1822-45,=0

=-A(A2- 181 +45)=0
DA~ 151 =31 +45)=0
S>AA-15-3(A-15)]=0
=>AA-3)(A-15=0
= A =0, 3, 15, which are eigen values of A.
X
Let x = x§ be an eigen vector of A
X3 ‘
corresponding to eigen value A, then (4 - AD* =0
8-» -6 2 Ix] fo
- 7-2 -4 jx|=1]0 (1)
2 -4 3-A|ix; 0
For 2 =0, (1) gives
8 6 2lix 0
-6 7 -4|x|=|0
2 4 3 |ix 0
= 8x, —6x, +2x;=0
—6x, - Tx, +4x; =0
2x; - (—4x,) + 3x;=0
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" From first two equations, ) From first two equations,

b I, .. B | X3
-6 2 % 2| —7 2 -7 -6
7 4 |6 -4 -6 7 -8 -8
X| X2 - X3 ) | =% _5
70 20 20 AT —40 ,2o
= i‘- = .{.2_ = _3..
SR B 2 21
] 2 2 2
: 1 = Eigen vector for eigen value 15 is | -2
=Eigen vector for eigen value 0 is | 2 1
o 2 Thus, eigen values of A are 0, 3 and 15
Now, for A = 3 (1) gives, corresponding eigen vectors are
5 -6 2|x 0 1]]2 2
-6 4 -4|xf=]0 2], 1 [/and | ~2 |respectively
2 4 0||x 0 212 1
= 5x; —6x, +2x; =0 (d) Change the order of integration in
—6x, +4x, —4x, =0 ‘
I= xydydx
2x, ~4x, + 0x; =0 ‘[)-[2/4
From first two equations, and hence evaluate it.
2 3-x
. __ X Ans: Given integral / = L:o-[ 2 xydydx
4 -4 -6 -4 |-6 4 The region of integration is shown in the figure.
N R I by
% 3 -6 !
= ol I O, N *
2 #1 =2
2
= Eigen vector for eigen value 3 is | 1
-2 X' - "
_ , 0(0,0) AN
Again, for A = 15 (1) gives,
-7 -6 2 Iy 0 .
% -8 ~4llx|=]o0 By changing the order of integration,
2 -4 -12jlx] |o . 1= le jxyzaawijycbcdy
' 2

= -Tx; - 6x,+2x;=0
—6x, —8x,—4x,;=0
2x|—4x2—- l2x3=0
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. N _
For R, Limits of x are from*(ff,o' J4_y =x+27=4
Limits.of y are from 0 to 1 4-x

Thus, limi 3
For R, L hus, limits of y are from 5 to
Limits of x are from 0 to 3—-y 4-x2
Limits of y are from i to 3. + 7
y Limits of x are from ~ 2 to + 2.
Thus /= -r xydxdy+f f;oxydxdy .. Required volume
x°y n 3 - X%y ay
g2y ,——f‘*
x = x=0 : = —x2 x? +3v
1 2
- 1] o[ G-y
2 =0 2 dy=1 [__{
4-x '
= 2 Ip 2_ =F N2 2_ 2 2 4.2
2 [ s ] 04y -6y [0 F(S—x 3P - 23y e
y3‘ O ’V_-. 2
=2[-§_] +—2—L“I(y ~6y% + 9y)dy
v=0 4-x2
' 2
3 > 2 —9x2 — 442
AR oty T (8-2x" -4y )dydx
=22 | -+ =] —-6—+—=— ‘ y =y
3) 214 3 2 2 .
v=]
=3+_l_[ﬂ__54+§_l.__l_+§_g] Pumngx.=2rcose,y=s/.‘zr;_me
3 204 2 4320 dxdy=2 \2r drdd
- 3+l[(ﬂ_l)'+(§l_2)_54+2] r varies from 0 to |
3 214 4 2 2 0 varies from 0 to 2.
Required volume
=§ -5[20+36 52]—§+;(4) e
J = _ VAN
X oo [ 8-204r")2V2rdra0
= 3 Ans.

_ 21! ! .2'
= L=0Jr=08(l-r )2+2rdrd@

(e) Find the volume enclosed between the two
surfaces Z =8 —a? -y and Z =22 + 3%,

. Ans : Required volume = J'th-dydz, where v - 1643 L2 [—ﬁ £4— }1 o
is the given region. b ) r=0
Forv,
Limits of z are from x> + 3)* to 8 — x> —~. For = 16~lr-_[ —-de
limits of y, we equate z from given surfaces.
=81l -y =x" + 3 =42 (2n)
=27+ 47 =8 =827 Ans.
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SECTION C

Attempt any two parts from each equation. All
questions are compulsory. (3x2x5=750)
Q. 3. (a) Trace the curve y2 QRa-x)=x".

Ans: The euqation of the curve is
Y(Qa-x)=x (1)
1. Symmetry: Since (1) contains only even
powers of y, the curve is symmetrical about x axis.
2 Origin: The tangents at the origin are given
by y* = 0, i.e., » = 0, y = 0. Since the two tangents
_ are real and coincident, origin is a cusp.
3. Asymptotes: Equating to zero, the coefficient

of 37, the highest degree term in y, the asymptote ,

parallel to y axis is x—2a =0 i.e.,x = 2a. There is no
other asymptote of the curve.

4. Points of intersection: The curve meets x
axis and y axis at the origin only.

. , —
5. Region: F 1),y=x
egion: From (1), y ‘{2a—x

When x <0, y is imaginary

= No portion of the curve lies to the left of the
line x =0 i.e. y axis.

When 0 <0 <2q,yis real

When x > 24, y is imaginary

=> No portion of curve lies to the right of the
line x = 2a.

6. Speclal points: From(l)

32
y= \/——— -(2)
dy - \/— Nx(Ba-x)
dv (2a- x)3/2
Y o
dx
When x(3a~x) =0
= x=0.x=3a

Here x = 3a-is not possible, because when x =
3a, from (2), y is imaginary.
Whenx =0, y=0.

. Tangent at (0, 0) i.e. at origin is paralle! to x
axis i.e. the tangent at origin is x axis.

Y
dx

Again — o when x - 2a. From (2), x »

2a, y —» . Thus, x = 2a is an asymptote.
When 0 <x <2aq, % is positive.

~. For positive values of y, y is an increasing
function of x, i.e. the curve rises for values of x
between 0 and 2a.

bIfZ=fx+c)+ ¢ (x — cl) show that

2

a".’, 2 a"
o
Ans.z=f(x+ch+ o (x =)
- Z- 27+l + 2 (b -]
:% =flxtet)+d (x—cp)
) .
D22 9y, (s + )] + [0 =an)
Ox* Ox
8%z
=—5 =[x+ ch) + §" (x - cf)
ex”
= a~;- =" (x+e)+ P (x—ch) A1)

§

Also, % = i‘)i[f()c+ct)]+—6—[d>(.vc-—cl)]

a-

= — = f(x+ct)+——(c1)+¢(x ct). —( ct)

ot

=cf'x+ct)-cd (x—c1)

= ——[cf (x+cl)]——[c¢ (x-ct)]

= 6': =of"(x+ Cl)—a—(ct) - cd"(x -~ ct)i(—ct)
ot ot ot
= 6~22 = czf" (xtc)+ c2¢" (x—-ct) -2)

ot
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From (1) and (2),

Pz _ Cz_aiz_
ar? o
Hence proved.

(¢) Expand £*° sin by in the powers of x and y

as far as terms of third degree.

Ans. Given function /= ¢* sin by

g._ ae™ sin by

ox
5
% = be™ cos »by
ax’  oxlox
2
= 0 { = -’—(2-(&@“" sinby)
Ox~ ox
& .
= ——{- = a?¢™ sin by
) .
Of _a(a)_ -a—(be“" cos by)
xly  ox\ Oy ox
A2 2 :
= < A = ghe™ cos by i;— = é—(@:)
oxdy ay\ oy
*f 0
= = — (bhe™ cos by)
3 & (
52
= ——{-:—bz 2™ sin by
of ;33
a0 et )
& 8 :
= ——{— = éx—(aze‘”‘ sin by)
= (’33f = e sinb an =0 _8_2__f_
ox? Y ox?oy  ox| axdy
~3 o .‘
= sz == — (abe™ cos by)
(';}x ay (09
= U;f ‘= @’be™ cos by
ex~oy

P o(2s
axay2 ox ayZ
3
- ai ai _ = % (5% sin by)
o - *r _ afdf
éax > = abe smby———3——5y— B;i—
3
% = %(—bze“" sin by)

; :
:—8-4 = —b3¢™ cos-by
ay

Now, we make the following table:

Function Expression Value at (0, 0)
¥ e™ sin by 0
—g{c— ae™* sin by 0
of
S be™ cos by b
)

a2
—;f— a‘e” sin by 0
ox~ ‘
pY
A abe™ cos by ab
oxdy ’
2
Q—f —b%e“" sin by 0
o
3
of
— ae™ sin b 0
& d
X .
¢ 2f a’be”™ cos by - a%b
éx“oy
A3 ‘
e 5 _ab%™ sin by 0
axdy
3
f ~b%e“* cos by -
3
%4

By Taylor’s theorem, expansion of f (x, y) about

the point (A, k)
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dy

2 2 2
5= ~hu-_i+z(x —h)y - k)aafy+(y % f}

FE=fh R+ ,ll,[(x— h)-gxf— + (- k)él]

1 f f
+ "37“""”3 —5 +3x-m(y girew
&f

+ 3(x—hXy- k)2
axoy?
Here, h=0,k=0

- ¥,y 281
= f(x.7) f(00)+i;[ = yay] 2,[ =

&f ., 2871, o f o f
(it A

F o&xtoy
o f of
+3 +
xyaxay y aﬁ]

+ 2xy

= f(x.y)= -)l-![by]+ [ab(2xy)]+ [3x ¥(a*b)

o b
= f(x; ) = by + abxy + -2-asz2y-——6—y3 Forean

Q. 4. (a) A rectangular box, open at the top, is to
have a volume of 32 cubic feet. Determine the
dimensions of the box requiring least material for
its construction. ‘
Ans: Let x, y and z be the length, breadth and
height of the box respectively.
~ + volume of the box is 32 cubic feet
=>xz=32-()
[.. volume = length x breadth x height]
Let s be the surface area of the box.
=> 5 =Total surface area of closed box —area of
the top.
=2 (xy +yz+2x)-xy v ‘
[ surface area = 2 (/5 + bh + hl)]
=xy+2pz+ 2zx
Here s is to be minimized
s Letf=xy+2yz + 2zx

-

- 2x(y+2z)=y(x+22)

= xy+2z=xy+2z
= 2xz=2yz
= xX=y
Again, equating A from (5)and (7), we get,
y+2z _2x+2y
Yz Xy
=x(y+22)=z(2x+2y)
>xy+2&z=2z+2yz
= xy=2yz

x
= ==
: 2

Putting y=x and z = ch- in(1), we get,

x —
(x)(x)(a) =
= =64
= x=4

Download All Btech Stuff From StudentSuvidha.com

and § = 2 - 32 {From (1)
Lagrange’s equations are, :
g + ;ﬁ?_ =
o &x
Q_f_ + k@ =
o oy
QL + l@ =
oz oz
= y+2z+ayz=0 w2)
x+2z+Axz= ."(3)
2y+2x+m=o “.(4)
From(2), A= 212 A5
yz
From(3), A= x+2z ©
y n Svel
: . 2&c+2y
F 4 ’ l= - s
rom (4) p i
Equating A from (5) and (6), we get,
Y2z x+2
yz xz
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= y=4 [...yzx];

i x
z=2 = -

= [ 2]

" Thus, length, breadth and height of the box are
4 feet, 4 feet and 2 feet respectively, requiring least
material for the construction of the box.

X2X3

X
O fuy =22 0y = bl and 4, = A2 fing
X X2 X3

(i, up,113)
a(xl s X2 N X3 )
Ans: We have

the value of

By, up,u3) _ | Ouy Ouy  Ouy
a(x] ,Xz,x3) ax| aX2 ax3

6143 6u3 6143
ax, 6x2 &3
S B ) X2
x? x X
xz x% xZ
Xs X x|x2
X3 x3' x§
[ : -XZX3 xlx3 xle !
1
e ey B % B B B 7 )
T2 B ey wmxy —wx
243 143 142

1
[Taking -l,- fromR,, —-lz— from R, and — from
Xy Xa X3
R, common]

-1 1

- (x2x3)(3c,x3)(x‘x2) 1 -1 1

2.2.2
ke 11 -

[Takihg x,x3 from C,, x\x; from C, and x,x,
from C; common]
_ R

2.2.2
W2 I T R

=-11-1]-1[-1~-1]1+1{1+1]
=4
(c) Find the percentage of error in calculating
. P
the area of an ellipse -a—z + -;2— =1, when error of

+ 1% is made in measuring the major and minor
axes.
Ans: Eq" of given ellipse is

x2 ¥
AT
.\, error in major axis and.minor axis are 1%.
da 1 o 1
o " 100*% "0

Let A respresents the area of ellipse. To find
error in A, we shall express A in terms of a and b,
because errors in‘a and b are known to us. We know
that

A=mnab [.. area of ellipse = mxy where xand y
are semimajor and semiminor axis]

Taking log of both sides, we get,

log 4 = log (mab)
=logA=logn+loga+logh
_ [ log (mn) = log m + log n]
- By differentials, we get,

34 _o+ §£+5_b[ .. 1 is constant ]

a b | . its differential is zero
64 _ ba 3b

A a b
34 _ | 1[__5a~18b__1_]'

4 100 100! @ 100 B 100
54 2

A 100
Thus, error in area of ellipse is 2%.
Q. 5. (a) Test for consistency and solve the following
system of equations
2x-y+3z=8
~X+2y+z=4
3x+y-4z=0
Ans: Given system of equations is
2x-y+3z=8
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x+2yt+tz=4
3x+y—42z=0
2 -1 3 8
Augmented matrix {4 : B]= -1 2 1 : 4
' 31 -4::0
-1 2 1 i 4
13 1 4 :0
-1 2 1 i 4
~10 3 5 : 16| R,—>R,+2R,
[0 7 -1 : 12 R, - R + 3R, N

-1 2 1 : 4

: 20| R, > 2R, - Ry
0 7 -1 : 12
-1 2 1 ! 4

~10 -1 1 20 [Ry > R; + R,
(0 0 76 : 152

which is in echelon form.

Here, rank of 4 =3

Rank of [4: B]=3

No of unknowns = 3

= Rank of 4 = Rank of {4 : B] = No. of
unknowns '

= System js consistent with unique solution.

Rewriting the system,

~x+2y+z=4 (1)
~y+11z2=20 ' -(2)
76z =152 -(3)
From(3) =z= T3 =2
Put z =2 in (2), we get
—+ 11(2)=20
= y=2=y=2
Putting y = 2, z = 2 in (1), we get,
-X+2(2)+2=4
= Xx+6=4>x=2
Thus,x=2,y=2,z=2 Ans.

(b) Reduce the following matrix to normal form

and hence find its rank:

5 3 14 4
01 2 1
1 -1 2 0
_ ‘ 5 3 14 4
Ans: Givenmatrix={0 1 2 1
1 -1 2 0
(1 -1 2 0
~10 1 2 1|R &R,
5 3 144
1 -1 2 0
~[0 1 21| Ry—> R;-5R,
0 84 4
[1°0 6 0
~10 1 2 1 cy > ¢yt
[0 8 4 4] ©g>-2¢
M 0 0 0]
~l0 1 2 1 | R;—>R,-8R,
[0 0 -12 4
fto o 0]
~lo 1 0 0 C3-"')C3—26'2
0 0 —12 47472
1 0 0 0O
~lo 10 0 cg—a%
0 01 4 _
1 0 0 0
~10 1 0 Ofcy >cy +4c;
(0 010
~[50]

which is in normal form.
.. Rank = order of identity matrix in normal form
=3.
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(¢) Show that the matrix

a+ic -b+id
b+id a-ic

is unitary ifand only ifa, + b, +c, +d, = 1.

a+ic -b+id _ a-ic -b-id
Ans:GivenmatrixA=[b+id a_ic].NowA =[b—id a+ic] ' [Replacing i by —i]
a—-ic b-id

= A = (Z)T = A= |:—b—id a+ic:|
' fa+ic -b+id|[ a=ic b-id
Now  dd’ '=>[b+id a-ic:H:—b—id a+ic]

o [(@+icKa=ic)+(~b+idX-b-id) (a+icKb-id)+(-b+idXa+ic)|
= AA"= [(b+id)(a-ic)+(a—ic)(—b—id) (b+id)(b-id)a- icKa+ic) }
i ar-A bt =it (a+icKb-id)-(b—idNa+ic)| _|a® +c* +b7 +d? 0
—[(bud)(a—fic)-(a—ic)(éez«'d) b -itd? + d? -i%? J_[ 0 b2+d2+a2+c2}

. 1 0 .
Now above matrix is identity matrix [0 ]] ifand only if &+ b2+ 2+ = |

i.e.AA9=lifandonlyifa2+b2+c2+d‘2=1i.e.Aisunitaryifandonlyifaz+b-2+'cz+d2=1
dx 1 1 ])
. 6. (a) Prove that = —=f =, = |,
Q.6.(a) [:TM 456(4 :
Ans: Given integral /=
'[:\/Hx

Put x* = tan? 0
1 2
= x = ./tane = dx = sec” 040
_ 2+/tan®
atx=0,tan9=0:>6=0,atx=l,tan9=l:>9=-}
Thus, / = : ! ! sec 9d9=lf—l—- ! sec? 040 ["l+tan26—sec26]
’ \/l+tan29'2‘/tan 2% sec® Vtan ' ,
I £ i = do 2 & de
- cot 0 sec046 = = e e = e
2'E EJSIHQ cosO 2 sinBcosO 2 J2sin0cos0
[ Put20=¢
_d¢
=£L§ o =—‘Cfl d9 =de===
2 % fin2e 2 b2 : at9=0,¢—0
n n
t0=—,p=—
_a 4 ¢ 2
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|t

[ sin2 g

l

+1

. f 0+1
x 2 EN
££.n-¢cos¢d¢ v 2] 2
4 -—+0+2
. o2 -
< 2
. ;
- {2sin” 0cos? 040
ptrlig+l
_ 212
4p+q+
! 2 |
i 1[r
_V2lala V2 1al2
8

|
= '[:\'l+x4 4‘/— (4 2)
Hence proved.
(b) Evaluate J]].x' “Hym= ) dedyds

where x> 0,y> 0 under the condition

(TG () =

Ans: Given integral /= IH xym =z dedyd:

where v is the fégioh x>0,y>0,z>0

WEROREE
o] 5 G () -2

d
N e

Q=
I
e
S
o
1]
~
Y
[+3 NN
]
N

N 1 1
=>x=a X, y=byl,z=cZ"
' ! i

-l - L
—de= %xﬂ dx dy = by de= Sz
q r

_Putting above values,

1 Y- 1 m-| 1y
[= H’{Q\IP] [b}’q] [CZ;] abe.
o ‘ bqgr

1,1
LIRS
XP Y4 zr aZdYaZ
where v is the region Z>0,Y>0,Z> 0

andZ+Y+Z<1.

-1 m-l n-1 —l-—l
=/[= —jjj’ Hx Pty 9 7T abex P
pgar
a1
Ye zr dXdeZ
Ibm n I'_l. 1 ’"" AR n—l 1
= ‘UXI’ r yd4 ‘IZr ’dXdY(Z
par
bm n L m, on

= jﬁx Y9 Z’ \xdvdz

e TEE

—+— + +1
P q r
- [ By.Dirichlet’s theorem,

Ijjxl-ly"'-lzn—lCﬁCbI& -

Tilmln
l+m+n+]
(c) Find the area of one loop of the lemniscates

= a? cos 20.

Ans: The given lemniscate is shown in the
following figure.
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Required area = I jrdrde where R is the region
bounded by one loqp%f lemniscate # = a* cos 26.
Limits of @ are 0 to @ Jcos26

. n .
Limits of r are — z to E—.-

!
Q
g
%]
-3

: P2 a-cos20 B : .,
Ie,-_ do —Eg—‘azoosede

r=0 4

-] [ -2

2

= -‘:—‘-[sing—sin(—g)]
2 -3
-"4—[| +] = 'i' Ans.

Q. 7.(a) Find the directional derivative of  (x, y,2)=

X7 +y2° atthe point (2,~1, 1) in the direction of the

normal to thesurface x logz—yz +4=0at(2,-1,1)
Ans: Given surface ¢ = x)” + yz

Now V¢ = 1%:+j-g:—+k2
= Vo= i0?)+ ) Qxy +22)+ k (3y2?)
= (V) 101y = 1+ J(=4+ 1)+ k(=3)
:>(V¢)(, 1-1) =i 3]-—3k

. We want to find normal to the surface
xlogz—y"'+4=0

s letg=xlogz—)*+4

og~ og-~ ﬁgz

=>Vg= a—t+ay1+ %
= Vg=log:z ?'-zy}+§/2
=>(V8) o 1,1y~ log ! ?‘+'2}'7+%£
= ';=2}'+2I?

[*"Log 1 =0 and n= Vg represent normal to
surface])

X

=

n
[n}

a all"'azj'!'a_;h 1
=>|;1=Ja.2+ag+a§ 22

= n=—=(+k)
J_
Now, Desired directional derivative = V¢.;l
N 1
= (1=37=-3%).-—(j + k)= —=(-3-3
(1-3-3k) 2(1 ) ﬁ( )

'.’Zz=a|;+a2}'+a3l;
Z=b,?+b,}+b,/?
=a-b= aby + ayby + q3b3

(b) If all second order derivatives of p and v
are continuous, then show that

(Bcurl(grad )=+
(ii) div (curl )=0
Ans: (i) To show that curl (grad ¢) = 0, we shall

first find grad ¢.
Now, grad ¢ = V¢
<09

~ 0, 50 100
= grad ¢ lax+jay+ % -
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Now curl vV =Vxy

i
0
ox
h
= curl (grad ¢) =V x (V¢)

S
S R w

v P Flo ~
Q| o
R Rlo =

;[i(@]__(@)] + two similar terms
oy\dz) oz\ oy

2 2

= _a__g__a_g_ + two similar terms = 0
oyoz oyor

= curl (grad ¢) =0

Hence proved.

(ii) To show that div (curl v ) =0, we shall first
find curl V.

Let v =v, i+v,j+wk

ik
curli\.’=V><;’=i g2
ox' oy oz
h i 1

- 3
=>curlv = [ J

e ]
&z o x oy

o, oF,  OF

NOW, div F = 'Ex— 6y P
= div (curl V)= 8v3 v + i(?ﬁ‘.-é"i)
& &z oy\ oz o«
+ _8__ Chee ._?XL
& oy

_ P @n 521/, _on
T ooy oxoz | Oyoz owdy
_&n 3
oxdz Opoz

= div (curl v ) =0 Hence Proved.
(c) Find the work done by the force ‘

f=(2_v + 3);+ xz}'+(yz— x)_I?

when it moves a particle from the point (0, 0, 0)
to the point (2, 1, 1) along the curve x = 2r25y =t
and z= 13, v

Ans. Required work done = J7 dr

- (o
= I[(dy +3)dx + xzdy + (yz - x)dz) e))
[4
WF =R+ Fyj+ Rk, dr=dci+dy ] dek |
=F-dr=Fdv+ Fydy+ Fyds |

Along c,

x=20y=tz=7
Sde=dudydy=dt de =30 d
t varies from O to 1.
Putting these values in (1), we get,
Required work done

1 . ]
= 1 (2t +3)ardr + Lo(zﬂ)(ﬂ)dr
+f i RO IO

1 e
= Lo(stl +126 4268 + 3 —6)ar

_[zfimi . 3_9_}
6 7 5],

8 12 .2 3 6

= -ttt =
32 6 75

560 + 1260 + 70 + 90 — 252

- 210
1728 288

—‘m—‘—?)? ns,
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