B.Tech.
FIRST SEMESTER EXAMINATION, 2009-10
MATHEMATICS-1

EAS-103

Time: 3 Hours

Section-A

All parts of this question are compulsory.
(2x10)=20

i
QL @Iff(x)=f(0)+kf (0)+ -L;fz(6 k),
0 <0 <1 then the value of 0 when k=1 and f(x) =
(1 -x)* is given &S ...ccveeunee

Ans.

~1) to the sphere x? + y? + 72 = 24 shall be............

Ans. J6

Justification : Given point=(1, 2,-1)
Given sphere is x2 + 32 + 22 =24
Centre of given sphere is (0, 0, 0)

Its radius = 34 = 26

Distance of (0, 0, 0) to (1, 2,— 1) is

d= x5 -x) + 0 - ) +(5 - 5,)

= Ja-0)? +(2-0)2 +(-1-0)

Srers RN

Q.1. (b) The short distance from the point (1,2,

Total Marks: 100

.. distane from centre isless than radius.
~. Point lies inside the sphere.
.. Distance from surface = Radius — Distance from

centre = Zﬁ—f =J6

Q.1. {¢) The jacobian J( & v) for u = €* sin y,
X,y
v=xlog siny shall be...........
Ans. e cos y (x—log siny)
Jou aul
ox
Justification : J (:—::—J = ov ' g
& o
e*siny e"cosy
- log sin y xs.f—s——)i
sin y
u,v .
zJ(S) =xe* cosy—e* cosylogsiny

=e‘cosy (x-logsiny)

Q.1. (d) For the curve ay? = x%(a — x), which of the
following statement(s) is/are Incorrect?

(i) Curve passes through origin

(ii) Curve is symmetrical about y-axis

(iii) Curve has two branches

(iv) Curve has no tangents at origin

Ans, (i) Correct
(i) Incorrect
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{77y Lovezct
vy In Correct )
3.1, (e) If P and Q are non-singular matrices then
“:r Matrix M, which of the following statements
age correct? ‘
{i+ Rank (PMQ)> Rank M
i Rank (PMQ) = Rank M
(i Rank (PMQ) < Rank M
vy Rank (PMQ) > Rank M + Rank (PQ)
Ans. (i In Correct o
C @iy Correct
(ii7y In Cotrect
{iv) In Correct
Q.1. (/) If X is an eigen value of the matrix ‘M’
‘fien for the matrix (M —AJ), which of the following
.intement{s) is/are correct?
{1} Skew symmeiric
iy Non singalar
#i0y Singular
iivy Wone of these
ndicate True/False for the following statements

was, () In Correct
{iy In Correct
iy Correct

{ivy In Correct

o W

i), 1. () For f If(x’ y)dxdy | the change of
0 x

crder of integration is

w o0

@ | [£0)avdy, True/False

0 x

¢ [ [£(x,y)dx dy, True/False

v o0

x ¥y
(iii) J I S (x, y)dx dy, True/False’

(L)

W X
1iv) J. If (v, y)dv dy, True/False
00

Ans. () In Correct

(#)) In Correct

(i) Correct " -
(iv) In Correct

’ 90 0
Justification: Given integral 1= | [/(%. ) &
0x

Regjon of integration is shown in Figure:
Changing the order of integration. We take strip
parallel to x axis.

x' (010)l0 x
y
Fig.
Now, sin u’ are
x varies from O to y
y varies from 0 to e
w0 L) o

[ [renad

y=0 x=0

2l dyd =
0x

Q.1. (h) The value of F—;: is given by

(® Jx, True/False
(i) 2./x » True/False

iy - Jr, True/False

() -2/, True/False

Pick up the correct option from the following:
Ans, () In Correct

(i) In Correct

(#iiy In Correct

* (iv) Correct

Justification : |n+l = nl;r
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N n+l
|;=
n
1.,
oot ]
e - = ngn=-—
=7 L |Peme ==y
2
NN
=i
. =1
=-2\x . UE—\/TEJ;

Q.1. () If F is the velocity of a fluid particle then
LF .d T represents |

() Work done
(i) Circulation

(i) Flax
(iv) Conservative fiekd

Ans. Work done
Q. 1. () The value of [ [F .7 &, where
5

F= axi +by ] +cz k; a, b, c being constants is
given by

() g(a +b+c)

@ 4—;-(¢+b+c)

(il 2% @+ b+ &)
) R@+b+c)

Ans. The given question is wrong as surface is not
given. '

Section-B

Attempt any three parts of the following :
(10x3)=230

Q.2. (a) Determine the values of ‘e’ and *b* for

which the following system of equations has

Ix+Sy-az=7,

x~by+d4z=-3,

ax+4y-5z=4

() No solution

(i) A unique solution

(i) Infinite no. of solutions

Ans. Given system is
x+Sy-az=17
x+by+dz=-3
ax+4y—-5z=4
Augmented matrix {4 : B]
3 5 -a: 7
= |l -b 4 : =3

a 4 -5 : 4
Which is uor ceduciable to Conclude form
ST GresTie st s wrong.
Q.2. (b) Fiud the value of D" {x" ! Iogk},
d” ‘
L.
D =

Ans. We want to find D" {x"~! log x}
let, y=x""llogx
Differentiating (1) w.r.t x, we get,

» = n-1nx"? Ioch+J:""l
2, =Mm-1x""logx+x""!
2y, =(Mm-1)y+x""! Q) .
[x"-'logx=y)
Differentiating (2) #n— 1 times by labinitz’s theorem,

= [0 +"7'C © yui ]

n -1

d
=01 =Dyt """

n -~}

d 3
Sx,+(n-Dy, =0B-Dy,_; + ="h

n-1

-
’ﬂ—lc—l =n-]

dn—l

= Xy,
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= Xy = (- 1)

r n i
}-:—‘i;(x")mz}
L & ]
(n-H! v
=y, = “‘T‘“
. (n-1)!
D'{xn 'hgx)= " Ans.
{x+y +2
Q2 () fu= ,')v v= (y‘_ ),
yxry=3)

ME L (a

then show that «, v, w are not independent and
find the relation between them.

X+) +z
Ans, Here. u= —, y=
z X
Y+ y+2)
W= -
Xz

B show that, z, 3, x and w are not independent, we

Cu,v,w)

shall show that — ={
c(x.py o)
Now,
Ju d[x+y ]
éx }7(”—) -3

-

Cu

_(? x+p)o |
b »:;\—( z )_5
4

)

& 8fwsy @ ;"1) Gy
o (’-.x'_:'\' x ) yes alx)” 2
& 2/yp+z)

a Tals T«

- o(

ow _af
ox ‘ar[ x
_ zi[m*
z & x

Fa

B
A
—————

t
—
<
%N +
(]
A S
[ R |

il

y(x+y+z)] ~ _)_/___a_{x+y+z]

zZ Ox x

o o xz
)
= ig[y(x'+y+z)]
@.:—l.[x+2y+z]=£+—2m
. &= xz
B _g[y(x+y+z)
& &z xz
=li[x+y+]]
xoz| z
_yG+y)
xz?
o oo o
ox gy ox
Ldwvw | >
T 8(xy,2) &x &y oz
- |ow ow ow
&x Oy &
1 1 x+y)
z z 2?
|1 1
x? x x
~-y(y+z) x+2y+z -y(x+y)
xz.'.’ xZ xzz
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z - z ~{x+y) ,
~-(y+2) x i
i-yz(y+z) xz(x+2y+z) —xy(x+y)‘

xX+y+z x+yv+z
~x+y+z). ‘ 0
xz(x+2y+2)

xy (x+y)-yz(y + 2) ()

~(x+y)
X

-xy(x+y)

Now, xy (x +y) - y'(v+') yxG+y)-z(y+2)]
y(E+xy—yz-23) .
y[xz—zz+x.v+xy 2]
yix+2)(x-2)+y(x-2)]
yix-2)(x+y+2)]
yx-2)(x+y+2)
Also, xz(x +2p+2)+xp(x +))
x[zx+2z+ 2 +xy+yl
x PP+ 22+ + 1)
x[p+zP+x(y+2)]
x(p+2)r+y+z)

o(u, v, w)

Putting these values in a(x v 2) x, 3.2 we get,

o on N

[/ |

a(u, v, w) 1
o(x, y, z) R
x+y+z —(x + y)
—(x+y+2z) 0 x
yu~zﬂx+y¥ﬂ x(y+2)(x+y+2) —x(x+y)

xX+y+z

Taking, x +y + z common from C, as well as from C,

we get,
o(u, v.w) _ (x+y+ z)2
ox,y2) x4
1 1 —(x+Y)
-1 0 X

Wx-2z) x(y+2) -xy(x+y)

| 1

>

—(x+y) !
|
|

_xry+z) i -1 0
G P y(x~2) x(y+2) -1)'(x+v)
. | o ] -y z
fz_:f,_wi, -1 0 x

P x-2) x(y+z) xp(x+y)§
Applying R, — R, + R,

.\’4 '24

_ Getyway

x* 2

0-Hy G+ —xy -2y {~x(y+2)}]
(x+y+ z)z
[Fxy @) +xyx—)+o (p+2)]

(t‘+l+7)2
-~—————-——~4 1 [~x-y+x

.~+"‘r+z] :0

ofu,v,w)

o(x,32)
= Given function u, v and w are not independent
Hind part: To find the relation,
we calculate uv

X+y y+z

Now, uv =
z x

(x+N0+2) wrx+y +yo

Xz Xz

vix -v+z) xz
ylx - 4)4__
Xz Xz

y(x+y+:)~!

’ W E —————n |
w+ ] ' [ ‘ - ]

Thus, nv = 2w + 1, which is desired relation.

Q.2. (d) A rigid body is rotating with constant
angular velocity © about a fixed axis. If v’ is the
linear velocity of any point of the body then prove
that curl v = 2.

Ans, Here, anzuiar Yelocity of the body =
Linear velocity of the body = ¥
Let w = 0 + @y + Wk
We know that
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V=@ xF
g
=‘w’ M2 WS F o= g+ k]
I~ v =z
i(wyz = w3p) = ] (mz —wyx) + k (W y — wyx)

.

i J k
I 2 9
ox Py oz

WyZ—W3) WX —WZ WZ - WX

= i[w +w]=j-wy —wyl+ k[w; +wy)
= 2(w i +wyj +wk)

= Curel ¥ =2W [ w=wi+w,] +wk] Ans.

. Q 2.¢)Assuming l;ll—n =gcosecnR,0<m<l,

T
dx = (sin P"‘);o<p<l
Ans. Given that [;II — 1 = T COSEC NN
To show
0 x,)—l
We know that, B(p, g)= (‘!(l+x)”*"

bl %
5

= [ x)P+e

m+n

1+
[ B(m,nj_ rr}
e xP-1 g
l_;l_—_; !(l+x)"*' 7 [Putting g = 1 - p}

rl:—]_; J'l+xdx

| ﬁr;r—}; ;!H—x

[ ] -
xP-!

[o.m=1]

ExP!

= T cosec pn = I dx

1+x

[/ == cosec m]

;!lv—xdt = sinpx Aws
A
Section-C

All questions of this section are compulsory.
Attempt any two parts from each question :
(10x5) =50

Q.3.(a) Ifx= sin (Io: y) then evaluate the value

a .xz)y.*j"(zn"' l)xy..u"("z"'")y.-n
with usual symbols,

2

Ans. We have, x = sin (

=gsin~t x

log y
a

. -1
= y=¢e% 0]

wloga= 3
a=¢"
Differentiation (i) w. r. tx,

»"= gosin”'x -‘%‘- (a sin’_l x)

l__ yl_aeﬂﬂﬂlx

1_x2y1=0) [ Gdﬂ I_y]
Squaring both sides, we get, (1 -x?) y,2 = a? y?
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d d :
= —[1-x"y1 = —[a* ¥ (1 +Z
dx - x
X ‘ d‘y = x' ] + \/,_ .
d 2. 2( ) y
= (1-x)—~0OR)+(=2x)y? = a’|{ 2y = 1+YY
(=)= i)+ (-22) ¥ y— J; NE
-2 =L -2x 38 =222y, ".'gy—:Y ! ’
1 )’1 Yo |k i i f(é’.}
N7
= 2(1 —xz)ylyz" 2x}’12 =2"2W| '-'%‘-‘-}’2] Thus, vix, y) is a homogenecus funciiv:
=2, [(1 %72y, - x O = 2y, [ ] degree +~
= (- y,—xy,-ay=0 ) 2
Differentiating (2) » times by Labnitz’s theorem, ) , v £
we get, ~ By Euler’s theorem, x—éx-+yé; =npY
[(]'xz)ypHZ+"cl(—2x)(yn+l)+n02 (*2))’,,] - o By 1 1 1
—ty— ==V =+ herc
= xax yay :»2 [ 3 LJ

) [xytn»l Mcl(l) y,,]—a’y,, =0

o} 0 1
n-1 = R— _ = 4 —
= a "xz)y,,;z -2mx y, .1 _._".(_3__2.2),” - Xx—(cosu)+y—(cosu) = + 5 cos u
. ncl=n and v 1
+ - =( - ol ¥V =cos:
[xyn-l-l ")’n] azyn nCI _ n(nz D ,_x s (J

= ‘(I—xz)y”z-—any”H-n(n—l)y”—x P ou 5 u l
Vo) =Xy, =ayn=0 :xgu—(wSu).a+y5u—(cosu).-—=+—cosu
= (1-2W,,,-Q@n+ Doy, ~[pr=D+n ¥ 2
+a’y,=0 ‘

= (1-2)y,,,-Qn+Hxy, [ ~(+a)y'=0. = x(-sin u)—g:—+y(—sin u)%;i = +—;—cosu

Hence Proved

. ou ouj_ 1
3. 0y 1w = 0087 ==L | cho :“smu[xgwgy—]ﬂjcosu
Q3. (b)) Ifu= \/;_,_\/;,sowtat \
' =>x__+y6u=__l_cosu
xiu_+yil‘_+lcotu=0 &C ay 2sinu
& 2
. +-yau 1 . [ﬂcos@ L
< =) —_— —_— = ——COt u . N ':"..L\.\,f; .
Ans. We have u = cos™ 2y & 4 2 sin® :
Vx +\y Bu  ou 1 '
=2 X—+y-—+—cotu =0 Hence t'roved
x4y & Vo2 ’
= cosu=
u Jx+\y Q.3. (¢) Verify Euler’s theorem fu:

xllJ + leJ

- ’ J;+J; ¢="n + )2
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. 1 1]
3 3+

: X% +y Now. gz_ - 0
Ans. We have, z = —/——; M ax T m % %J
xz + },2 X< +y
o1 11 J
To verify Euler’s theorem for z, we shall first find (xz +y2 || x34+)3 1 x 2
degree of z. oz \ 2
LI : ax (11 2
x> +y3 i xz +y3}
2= 1
14,2 )
oy U A U A
! ~(x2+y2]x3—— 3 +y3x?
1 3 3 2
3 o oz \ )
X 1+ ] X— = (1)
3 x L AN .
3 |
x2 ;+.YT Similarly,
x?) (L 0y (1
3 &3 2
I 1) Y55 ¥e)
= x3 2 X » 1y B
! 2 492
= x2+y
1+ Z)z [ }
Lt \x ‘
" 1 (Replacing x by y in (1))
b b (2 ) A e,
= x6 s[2] |where—XL < (l & &
x f(x) whe % S <) = x.a_x_J,ya;
1+(ZJ .
ol ' 1 i+ Y1 41 1
| = X242 |3 | X3 43
<5 £[2) , N E 2
X/ x2+y2 |
' ]
= z is a homogeneous function of degree .~ 5 1 . N 1 . N 1
- l - - - l - - -
. To verify Euler’s theorem for z, we shall show, x? + S[xz + sz y: - (x3 + y3] yz]
x— yé Lo '
x " 6 _ 1 (3. (3 N
= | X+ x> +ydj-=
- Euler's theorem states ’ L 3 J 2
& 0z .
xé;+ y — = nz, when n is degree )
S o1y o
of homogeneous function z : {x3 4y sz +y2]
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& oz __1
ThUS,Xa“"yg 62

Hence, Euler s theorem is verified.

Q4. (a) In 2 plane A ABC, find the maximum value
of cos A cos B cos C

Ans.InAABC. A+B+C=nx

= C=n-(4+B)

Now,

cos A cos B cos C = cos A cos B cos [t — (A + B)]
=-cos A cos Bcos (4 + B) [.. cos (n—8)=-cos 0]
Let, /=~ cos A cos Bcos (4 + B)

g__: - B_a_ by A+
ey cos EY fcos 4 cos (4 + B)]

=—¢0s B [-sin 4 cos (4 + B) + cos A sin (4 + B))
=cos B[-sin (4 +4 + B)]
[~ sin 4 cos B + cos A sin B =sin (4 + B)]

= A =sin(2A+B)cos B
04

Similarly, % = sin (4 + 2B)cos A

{Interchanging 4 and B)

For maxima and minima

¥ _ g _,
24 0 28 =0

9 _
Now, 2 =0

=>sin (24 + B)cos B=0
= sin(24+B)=0

~cos B=0=>B= g, which
is not possible

= sin(24+B)=sinx [ sin w=0]

= 24+B=x . (D
Similarly,

Y o _
2B =0gives, A+2B=n -(2)

= Equation (1) — 2 x equation (2) gives,

B-4B=1-2m
=-3B=-x

g
=73

Putting value of B in (1), we get,

2A+-1£=
3

n
=N—-——
= dA 3

TR . '
Thus, ('3',3) is the point where f can be
maximum or minimum,
To check the nature of f at this point, we
calculate, r, s and .
62
Now, r= ——{-
04

=>r=2cos (24 +B) cos B
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o’ f
Also, s=
50 57 54.08
d af] o ..
= —t=—| = =-[sin (4 +2B)cos 4
'8,4[68“ B,A[ ( ) ]
=¢os (4 +2B) cos A —sin (A + 2B} sin 4
=cos(A+2B +A)

[ cos (A4 + B)=cos A cos B-sin 4 sin B]
= s=cos(24 +2B)

Now,

f
t=—

OB
2 [sin (A + 2B) cos A4]
35 2
1=2cos(4+21)cos A

_E T

AvLd=7.8=73

=[2cos (2A+ B)cos B| (x =

r=1 A ]"'[3'3)
2% n

= 2¢0s| — + T {COS—

o (3 ) 3

= 2cosTCOS = = 2(—1)‘.-]—
3 2

~ =1

s = [cos (24 + 2B) cos B} (5 5)
' 3’3

T
= —-C0§ — = —
3

1= [2cos (4 +2B)cos A]m(g 5)
33

= 200s(1t+—2-1£)cosE

- 3 3

m
=2 cos ncos-é-

’ 2
1
Now, r7~ 2 =52 = (- (-)- (—5)

B T e
= ie = (Positive)
4 4

Also, r =— | (Negative)

Thus, rt - 5° is positive and r is negative
- fis maximum

Maximum value of /=

T Tt LA
= =~ €0S -~ COS —€OS | .=~ + =
3 3 (3 3)

[}
N o~
X
2 | o~
X
I
N |~
N’
i
o0 | =

Ans.

Q 4. () Ifx=e"sec u,y = e" tan u, then evaluate

ou ou 1
X—+y—+-—cotu =0
Ox & 2
Ans. We have,x=¢"secu, y = ¢’ tan u
o oy
ox,y) |on ov
Aw,v) |y
on ov
¢ secutanuy e’ secu
e'sectu e tanu
v tanu secu
= e secu.ev
secu tanu

[taking " sec u common from ¢, and ¢’ from ¢,]
= ¢%" sec u [tan®u — sec?u}
=—e?sccu(l) [..sec?0—-tan?2@=1]

o(x, ») .

) e* sec u Ans.
Q. 4. (c) The power ‘P’ required to propel a steamer
of length I’ at a speed ‘«’ is given by P={u’ P
where A is constant. 1f « is increased by 3% and /
is decreased by 1%, find the corresponding
increase in ‘P,

Ans. We are gi\/en,
p =A’B ()]
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4
/. v is decreased by 1% = %— = 100

Taking, log of both sides of (1), we get

log p=log A +log #* + log P
[ log (m p) =log m + log n + log p]
= logp =logA+3logu+3log/
Taking differential, we get,
0+ 35., 351 *+ A is constant
= ‘;,‘ =03 TIT | its differential is 0
& _ 9 _3
= T T 100 100
: % _ 6
. =D > ~ 100

Thus p is increased by 6%.
Q.S8. (@) Show that row vectors of the matrix
1 2 =2
-1 3 0
0 -2 1

are linearly independent.

1 2 =2

Ans. Given matrix = -1 3 0
0 -2 1

To show that row vectors of given matrix are linearly
independent, we take,
x=(1,2,-2),x,=(-1,3,00),x,=(0,-2, 1)
Consider the relation

Mx xR x =0
=2A,(1,2,-2)+2(-1,3,0)+2,(0,~2)

=(0, 0, 0)

=2 1A -1A,+104,=0

2A, + 30,20, =0

=2A,-0A, +10,=0
I -1 0
2 3 -2
-2 0 1

- co-efficient matrix 4 =

-~

1 O|R, >R +2R,
0 0 1

Which is in echelon form.

.~ Rank of A = Number of non zero row in echelon
form =3

~ Rank of A = 3 = Number of unknown

=> System has only trixial sdn.

= },,4,, J; can have only zero value. )

X, X, and X; are linearly independent. Thus, row
vectors of given matrix are linearly independent.
Q.5. (b) Find the rank of the following matrix using
elementary transformations

W D
a -

1 2

2 3

1 -2

1 -3 1 2

Ans. Givenmatrix4=10 1 2 3
3 4 1 =2

To find the rank of A, we shall convert it into echelon
form.

=31 2
1 2 3
41 =2
-3 1 2
~lo 1 2 3
0 13 2 -8

1
Now, 4= 0
3
1

Ry - Ry -3¢

13 1 2
~10 1 2 3
0 0 28 47,

Ry —> Ry -13R,

Download All Btech Stuff From StudentSuvidha.com


http://studentsuvidha.com/
http://studentsuvidha.com/

Which is in echelon form
. Rank of 4 = number of non zero rows in its echelon

form.=3 Ans..
Q.5. (c) Express the matrix
i 2-3i 4+5i
A16+i 0 4 —5i | as a sum of Hermitian
—-i  2-i 2+i

and Skew Hermitian matrix.
P 2-3i
Ans. Given matrix A= {6+i 0
it 2~
We know that for any square matrix A,

4+ 5i
4 - 5i
2+i

A ==(A+A48)+ % (4-49) (1)

1
2
where, 40 = (4)

Here, (4 — A0) is skew Hermition matrix.
We shall calculate 40 now.

[ i 2-3i 4+5i]
A=16+i 0 4-5i -(2)
i 2-i 240
( —i 2+3i 4-5i]

=>4 =|6-i 0 4+5i|[Repalcingiby-i]
P 2+ 2=
- 6=i i
= (A) =|2+3i_00 2+
445 4+51 2-i
[Interchanging rows and columns]
-i 6-i i
= AQ={2+3i 0 2+i)(-3)
4-5i 4+5i 2-i]
i 2-3i 4+5i
Now,A+AQ=|6+i 0 4-5i
i 2-§ 2+i
i 6-i i
+(2+3F 0 24
4-5 4+5 2-i

0 8-4 4+6i
= A+AQ=|8+4 0 6-4i
14-6i 6+4 4
| 0 4-2 2+3i]
= 5(A+AQ)= 4+2i 0 3-2
2-3i 3+2 2

[Dividing each element by 2]
Again,

i 2-3i
A-AQ=|6+i 0
i 2-i

44 5]
4-5i
2+
; i 6i i
-12+3i 0 2+i
4-5i 4+5i 2-i
2i 4-2i 4+4i
4-2i 0 2-6i
—4+4i -2-6i 21'_
i 2-i 2+2

= (A-AQ)= —

1
= 5 (A-AQ)=| 2-i 0 1-3i
-2+2i -1-3i i
[Dividing each element by 2]

Putting, % (A + AQ) = and % '(A' -AQ)in (1),

we get
0 4-2i 2+3i
A= {4+2i 0 3-2i
2-3i 3+2i 2
_ i -2-i 2+2
+| 2-i 0 1-3i
2+2i -1-3i i

Which is desired representation.
Q.6. (a) Interpret the physical meaning of curl F
and div F

Ans. Physical meaning of curl F : Suppose a rigid
body is rotating about a fixed axis through the origin
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with linear velocity # . Curl of F gives 2 times the
anguiar velocity of the body. Thus, curl is a measure
of rotation.

Physical meaning of div F : Consider the steady

motion of a fluid having velocity F . Rate of change
of the volume of the fluid per unit time per unit

volume is given by div F.
Q.6. (b) Verify the divergence theorem for the
function F=4xzi - y? j+ yz k; taken over the

cube bounded by planesx=0,x=1;y=0,p=1;
z2=0,z=1L

Ans. Given function, @ = 47 — y?j + yzk

To verify divergence theorefy:, :ve shall show that

‘f I IV.F' dv = F_hds, wheres is the given surface
1 4

and V is the volume bounded by S.
Now,

[If #=Fi+Bj+Fkl
.9 8, 2. 9
VE = — (4x2) + — (- .
= VF ax(x:) ay(y)+az(y2)
=4z-2y+y ’
=4z-y

= [[[vFEd = [[f@z= ey &
v | 2
Now, v is the volume bounded by planex=0,x=1;
y=0,y=landz=0,z=1
. Limits of xare 0 to |

Limitsof yareOto 1
Limits of zare O to 1

= ”jvmzv f j j(4z y) s dy d

e

x=0y=0 L-

1
".V’:‘ . dy dx
=0

T 1

= je-yaax
x=0y=0
([»-2]
2y-—-—] dx
x=0 2 y=0

|
U Sy ™
/N
!
N |
S

x=0
1
_3 J'd.’x 23
2, 2
= 3
Thus, | [[[V.F av= =l -
The surface of given cube is shown in the figure
r4
{0,0,1)G D
F E
(0,0,0) c y
0,1,0)
A(1,0,0) B

To calculate ”’3 .Ads  we shall calculate surface
k]

integral for each face of the cube and then their sum.
For this, we make the following table.

Surface Equation ds & F.h=(4xxi- yzj

+yzd).h
OABC  :=0 dxdy -k -yz=0
BCDE  y=1 dxdz j -2 =0
DEFG  z=1 d&dy =y
OCDG  x=0 dyd: -i —4xz=0
AOGF  y=0 drdz -j - =0
ABEF x= dyd= | ixz=4z
Now, [f Fivds= [[o0.dcdy=0

OABC OABC
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j’j l:":ﬁds = J‘j (-1) dx d=

BCDE BOUDE

] Ja
x=0 =0
1

=~ (Ll
x=0
!

=- [a& =1

=
[
(=}

[ Paas = f] ydx

DEFG

K

x=0)y=0

i

I
!
&

it
[ —
[S—
+n

1
[
[ maetmames }
Nb
e
e
n
<>

I
&
e
—
~|'\,{,
e,
"S'

DEFG

dy dx

Adding all above integrals,

|| Eads+ [[ Fads+ [[ Fads

OABC

BCDE

DEFG

+ H Fhds+ ﬁ' Fias+ (i F4ias
Jo
oCDG AN Bl

= 0—l+l+0+0+z
2

= !I‘.r‘ids = %

Thus, m’v.ﬁdv = jj'r;.d?,
v 3 J

Hence, divergence theorem iy vérg'ﬁed
Q.6. () If a vector field is given by

F=(=p2+x) i-Qxp+y)].Is this fied
irrotational? If so, find its scalar potential.
Ans. Given vector field

Fe (@~ y +0)i-Quy+y)J

To check that F is irrotational, we shall find V x F.

NOw,
Y B
il 28
x x o oz
R /R R
i j k
\v/ o= _a_. i _?_
= xF = o FY %
2+ +x -2xy-y 0}
= [0-0]~j[0-0]+k[2y+2y]
Thus, Vx F =0

= F is irrotational. Let ¢ be the scalar potential
=>F=V¢

= F.dr

=do=F.df  [+Vé-F=dj)
=>d¢=[(xz—y2'+x)f-(2xy+y)]].¢ﬁ
=d¢=02-y +x)dx~(p+y)dy
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[F=xf+y}'+zl€
| = dF = dxi + dyf + d-k

=> d ¢ =22 dx ~ y? dx + xdx - 2x ydy — ydy
= d ¢ =x2dx +xdx — ydy — (F s + 2x ydy)

3 2 ‘ 2
=>d= d[%} + d(i‘;) - d('—v{} ~d ()

- Integrating
3 i )
=f—-+-{~—-——-— x)"‘+<, Ans,
302 2 )

: A 220
Ams. Given integral /= I 1- —r-,— + -)g—l—J dx dy
® a

E

Region of integration is positive quadrant of the ellipse

x* I :
5+ Zz— = 1, which is shown in figure.
a b
y
b
(O,b) b, y‘: -5 62 - X2

| .\

X, (0.0)[0 (a.0)

Y1
Limits of x are from O to a

b
Limits of y are from 0 to =~ \/02 - x’

= Given integral,

b
2Ja? - ¥

4 a xZ y2
I= I '[0 {l—;—z—w\-?]drdy

x=0 y=

It
ey, 0
| pn— ]
—
|
!N
(1A W)
N’
]
+
,‘c
w
i
S
~
T1
-t
~

It
[ —
(=2

a 3
1 [..g.(az-xz)z %(az-xz,z)}a
a0l @ 3a 2

a b 3
= 5@ - G+
x=03
4 % 2 2
.—.—_— a - - &
=1 3a3J( )
Put,x=asin 0

= dc=acos0d0
at x=0,sin0=0 = 0=

i

0
. x
at x=a,sin0=1 = @ 3

T
4b 7 3/2
= I—E——J‘(a ~a” sin?0)*%q cos 0 d0
0
g
= i”— J‘[ (1 - sin? 9)]*"2 cosede]
a
_1_!
2
;4—[3- fa cos® 8 cos B d6]
a g
x
4 2
=§ _[1n9cos49d6]
0
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" -
2
(]
10_,_' P Jmpecos 6d
i . p+llg+l
3 442 e
’ l°+ > .22
Ip+q+2
L 2 J
2 EE
= —-a =
30 3
' 31
Eilm
1
= 7ab 2 2 [-""\/7_‘]
21t 2
_fﬁé Auns,
4 ’ ‘

Q.7. (b) Find the mass of the region bounded by

x* y, z* 3 .
ellipsoid — + rel + 2 1; if the density varies
a

as the square of the distance from the centre.

2 2 2

X
Ans. Given eflipsold is — + -y—,- +—5 =1
a b c

Net I be the density at a point (x, y, z)

-~ Density varies as the square of the distance from
-centre.

. We shall find distance of (x, », z) from centre
(0. 0, 0). By distance formula, distance d between
points (x,, ¥, 2y and (x,, 3, 7,) is

d= \[(-‘"1 5l + (0~ ) (a5 - )

= d= J@-07 +(y-0) +(z - 0)?
= dE=x+y+z2

o f= kd® (where k is constant)

= d=k(xF+y +2)

Now, mass = Iﬂp dx dy d , where r is the volume

of given ellipsoidal.

_kﬂj(x +y + 2 dedydz

Putting, x = a r sin 6 cos ¢
y=brsin0sin¢
z=crcos9
[changing to ellipsoidal polar coordinates)
dx dy dz = abc 2 sin 0 drd 6 d
Limits of rare 0 to 1
Limitsof @areOto
Limits of ¢ are 0 to 2%
= Mass
x

177

8= °Q=0 r=0

[a2 r? sin® 0 cos® ¢ + b2r? sin’ 0
sin” ¢ +¢%r2 cos? 0] .abc r* sin8d rd 0d ¢

e L)

2x 1
j[a2 sin? @ cos? ¢ + b? sin O

ll-....._I

sin? ¢ + ¢? cos? 0] sin 0 4 dr B dp
x 2x
kabe' [ | ((a® sin? @ cos? ¢ + 5 sin?Osin’ ¢
6=0y20
s {
¢ cos? Glsine%:l do dé

r=0

[(a® sin? 0 cos? ¢ + b sin? 8 sin’

¢ + cos? 0] sin} d0 dé

+b’sinze('-‘—°22,s-2—¢)+c’cos2 BJSin 0d$do

kabe % [ a? sin2 ; 2 .2
_ bc I a”sin” ¢ e_'_sm2¢ +b sin” 0
5 2 2 2

8=0

(¢- sin 2 "’)n’ cose.¢] sin © d0

=0

2%
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x[ 2.2 2.2
_ kabe ![a S|2n ¢(21t),+b s;n 9(21:)

8=0
(2%) + ¢* cos” 6 (2m) | sin 0 do

= kabc I[(a +b2)sm 0 +2¢? cos? 0]

=0

sin@sin @

[(x +b%) - (a +b2)cos 0

u]'g

Ilg_.a

+2¢? cos? 0] sin 0 dO

‘”lx

j (a +b2)sin0d6+

kabc %t .o 2 2
= I(Zc =@ -b") ¢os205in0d0

=0

xXebe (2 +b%) (- cos 0)F -+

= 'ﬂ:-kﬁsb—c(Zc2 -a’

-b6%)1,
.
where I = Iooszes,hede

_x kabc

(a +b2)(2)+ X @ct-a* - b))
Now, we shall calculate |
X .
I= [cos? Osind &
° ‘ Putcos8=1¢
=_‘j",zd, —sin0dO=d
+1 ]8t0=0,l=|
atf=mt=-1

4]

=» Mass = 21(2;‘:-(02 +b2)+

-7 kabe

(2c2 -a’ -—b2)§

—"-‘E[Zia2 +302 +2c% - & -bz]
1
_ 4 kabc

T (@ +b*+ %)

4 n kabe
15

Q.7. (c) Atriangular prism is formed by the planes
whose equations are ay = bx, y = 0 and x = a. Find
the volume of this prism between the plane z=0
and the surface z=c +xy.

~ Required mass = (a* +5% +¢%) Ans.

Ans. Required volume = mdx dy dz

where, v is the given region

Y
X=a
* 0 y=0 X
Y1 C+xy
Clearly limits of zare 0 to ¢ + xy
bx
Limits of y are 0 to "y
Limits of xare 0 to @
b
@ c+xy
» Required volume = I I dz dy
xnQymt) z=0

o
a4 a
= J‘ J‘ ¥ dyd
= 220
x. -
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x=0y=0
b _[QI_’ Lt
=01 y=0 '
B, 8
e ﬁ(z)’],ﬁ ) e
2ol 2 212
] =£+a2b2 Ans;
2 8
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